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In the case of low frequency detection (e.g., the 60 to 100 Mc
range), the decoys must carry barrage jammers if they are to duplicate
the low 'frequency cross-sections of the Rudolph missile. However, the
background due to cosmic noise, meteors, and stray ionization sharply
limits the feasibility of detection by search radars in that range. It has
been said that if American radars were operated at 60 Mc, it might be
possible for the ''Commissar of Jamming of the USSR" to push a button
and create so much radiation that he could jam out all our receivers in
this frequency range. Due to the great range of propagation at these
low frequencies, it is clear that the above statement has an aura of truth
about it.

The bistatic method for detecting decoys is not presently being count-
ered. However, the data-gathering and data-processing equipment nec-
essary for the use of this method would tax our national economy. Al-
though it has been assumed that the United States has more computing
equipment and data-processing equipment available than the Russians, it
is felt that even the United States could not afford in the next few years
to use a great many remote receivers and the associated data-process-
ing equipment in order to discriminate between decoys and aircraft.
Thus, it seems reasonable to assume that the USSR also will not be able
to afford such defensive procedures, It appears, therefore, that decoys
could substantially increase the "probability of kill" of the ICBM. Of
course, until one is sure that the enemy can defend against such missiles
the necessity for a decoy effort would not seem to be established. How-
ever, if one waits until the knowledge is obtained that a defense is pos-

sible, it might easily be too late to design and build the necessary number
of decoys.

2

Decoys, of course, can be used for both the long-range and short-
range efforts; they can be used against search radars and against local
defense radars. It may be possible to store decoys in the tanks section
(if it is not far removed from the warhead) which can be used against
either set of radars. It is possible to make decoys which are aerody-
namically more highly performing than the Rudolph warhead (they
might even catch up with and pass the warhead in flight after re-entry
into the atmosphere).
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APPENDIX F

FURTHER ANALYSIS OF THE UNIVERSITY OF MICHIGAN
DROP-TEST DATA (POWER SPECTRA FOR EXPERIMENTAL DATA)

F.1 INTRODUCTION AND SUMMARY

As stated in Section IV and in Appendix E, one method the defense
might attempt to employ to discriminate between decoys and aircraft is
based upon possible differences in the fine structure of the radar return.
An investigation of this possibility involves a thorough study of the fine
structure of the radar return from aircraft, decoys, and missiles.
Others have expressed the belief that power spectra associated with the
radar return from these vehicles would be of significance in this detec-
tion problem.

Power spectra for manned aircraft have previously been studied
(Ref. 27); to the best knowledge of the authors, the power spectra pre-
sented here are the first that have been computed for the radar return
from missiles. The experimental data involved in the present analysis
are the measurements made during The University of Michigan's drop
tests reported in References 1 and 3. These computations were spon-
sored by the Bendix Aviation Corporation under Purchase Order No.
S-96527,

The one-third-scale V-2-type models involved in the experiments
are referred to here as Objects 59, 61, 62, 64, and 65. The first three
models had swept-back fins and the last two had rectangular fins.

Three separate items were determined under this study: a frequency
distribution of the radar cross-sections of each model at each wavelength;
the autocorrelation function for each run; and the power spectrum for
each run. (The procedures employed and the data obtained appear in
Sec. F.2—F.4.)

The study brings into focus two basic questions: first, whether or

not a fine structure analysis for the missile-decoy problem can be ex-
pected to provide significant information; and second, the question of
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whether or not the power spectra are the correct quantities to consider
in this analysis. This study deals with finite samples. The classical
theory is based upon a sample of infinite size. A certain amount of arbi-
trariness is involved when the theory is modified for application to a
finite sample. Alternative definitions of the power spectrum and auto-
correlation function have been given in the literature (Refs. 28 and 31).
It is pointed out that these definitions are definitely not equivalent (Sec.
F.5).

The power spectra obtained by the procedure outlined in this appen-
dix are displayed graphically in Section F.4. Even though the main con-
tribution to the radar cross-sections of V-2-type missiles usually comes
from the fins, the variation in the shapes of the curves found for Objects
59, 61, and 62 (swept-back fins) appears to be as great as the variation
between these and Objects 64 and 65 (rectangular fins)’.

It is possible that a study of a larger sample of missile runs by the
approach used here might begin to display a pattern of differences be-
tween power spectra. An attempt to obtain greater discrimination by
lengthening the time of observation for a given run would have no bearing
on the practical defense problem, since the times available are even less
than the intervals of observation used in the drop tests. The practical
problem is further restricted, if a pulse-modulated radar is used, since
the accessible frequency interval is limited; for the drop-test data, the
upper limit was approximately 400 cps.

Some other approach to the question of how the infinite sample theory
can be modified for application to a finite sample might conceivably yield
spectra which are more sensitive to differences between radar returns
for different objects.

If one is convinced that the fine structure of the target return is the
most important information available for discriminating between aircraft

In fact, there appears to be little difference between the spectra
found here for missiles and those obtained for a B-47 aircraft (Ref. 27).
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and decoys, it seems clear that much further analysis is necessary
before one can hope to instrument this concept into a feasible discrimi-
nator between decoys and aircraft. Such an investigation should include
an analysis of the mathematical functional representation of the fine
structure to yield the maximum amount of information. After the above
method of representation is established and a method of presentation is
fixed, one should determine (probably experimentally) whether the dif-
ferences in the fine structure between missile and decoy are greater
than the differences between missile and missile. The latter differences
are expected because of differences in the conditions under which the
observations are made or unanticipated alterations in enemy missiles
(as to structure or structural behavior). If this investigation is to be
used to analyze vehicles which are out of the atmosphere for almost all
of their trajectories, one should bear in mind the possibility that tran-
sient effects (which disappear rapidly in flights through only the sensible
atmosphere) might not be damped out. It is clear that, for economic
reasons, vehicles cannot be fired out of the atmosphere to analyze tran-
sient effects which, by their very nature, may not be reproducible from
air frame to air frame,

In short, one should first complete a theoretical investigation to
determine the best method of collecting fine structure data, assembling
it, representing it, and then displaying it. When this is done, one should
see whether, after considering the physics of the ICBM problem, the
observables are really significant and physically meaningful in the opti-
mal theory.

F.2 THE FREQUENCY DISTRIBUTIONS

The frequency distributions obtained for each of the ten runs appear
in Tables F.2.1 — F.2.10. Each value of cross-section was computed
by averaging the power received over consecutive groups of six pulses
each. The aspect angles for the measurements contained in these tables
are such that the aspect angle never exceeds 15 degrees off-nose and in
most cases is between 5 and 10 degrees.
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TABLE F.2-1

FREQUENCY DISTRIBUTION — OBJECT 59(S-band)

o Interval No. of values
(mZ) in interval

0.00 - 0.01 208
0.01 - 0.02 107
0.02 - 0.03 45
0.03 - 0.04 20
0.04 - 0.05 12
0.05 - 0.06 8
0.06 - 0.07 16
0.07 - 0.08 26
0.08 - 0.09 6

448
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TABLE F.2-2
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FREQUENCY DISTRIBUTION —OBJECT 59(X -band)

No. of values

in interval

4

S-S L B € ) BN S 1

W W

o Interval No. of values o Interval
(m?) in interval (mz)
0.00 - 0.01 45 0.17 - 0.18
0.01 - 0.02 50 0.18 - 0.19
0.02 - 0.03 55 0.19 - 0.20
0.03 - 0.04 54 0.20 - 0.21
0.04 - 0.05 48 0.21 - 0.22
0.05 - 0.06 28 0.22 - 0.23
0.06 - 0.07 28 0.23 - 0.24
0.07 - 0.08 16 0.24 - 0.25
0.08 - 0.09 19 0.25 - 0.26
0.09 -0.10 19 0.26 - 0.27
0.10 -0.11 16 0.27 - 0.28
0.11 -0.12 10 0.29 - 0.30
0.12 - 0.13 5 0.31 -0.32
0.13 - 0.14 5 0.59 - 0.60
0.14 - 0.15 5 0.64 - 0.65

0.15 - 0.16 9
0.16 - 0.17 1
110
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TABLE F.2-3

FREQUENCY DISTRIBUTION — OBJECT 61 (S-band)

o Interval No. of values
(mz) in interval

0.00 - 0.01 40
0.01 - 0.02 44
0.02 - 0.03 27
0.03 - 0.04 16
0.04 - 0.05 8
0.05 - 0.06 13
0.06 - 0.07 14
0.07 - 0.08 22
0.08 - 0.09 17
0.09 -0.10 6
0.10 - 0,11 5
0.11 - 0.12 4
0.12 - 0.13 3
0.13 - 0.14 2

221
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TABLE F.2-4
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FREQUENCY DISTRIBUTION — OBJECT 61(X-band)

o Interval
(m?)
0.00 - 0.01
0.01 - 0,02
0.02 - 0.03
0.03 - 0.04
0.04 - 0.05
0.05 - 0.06
0.06 - 0.07
0.07 - 0.08
0.08 - 0.09
0.09 -0.10
0.10 - 0.11
0.11 -0.12
0.12 - 0.13
0.13 - 0,14
0.14 - 0.15
0.15 - 0.16
0.16 - 0.17
0.17 - 0.18
0.18 - 0.19
0.19 - 0.20
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TABLE F.2-5

FREQUENCY DISTRIBUTION — OBJECT 62(S-band)

o Interval No. of values
(mz) in interval
0.00 - 0.01 123
0.01 - 0.02 107
0.02 - 0.03 117
0.03 -0.04 62
0.04 - 0.05 55
0.05 - 0.06 48
0.06 - 0.07 46
0.07 - 0.08 21
0.08 - 0.09 14
0.09 -0.10 12
0.10 - 0.11 15
0.11 - 0.12 3
0.12 - 0.13 6
0.13 -0.14 4
0.14 - 0.15 4
0.16 - 0.17 2
0.17 - 0,18 _ 2
641
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FREQUENCY DISTRIBUTION —OBJECT 62(X-band)

o Interval
(m?)
0.00 - 0.01
0.01 - 0.02
0.02 - 0.03
0.03 - 0.04
0.04 - 0.05
0.05 - 0.06
0.06 - 0.07
0.07 - 0.08
0.08 - 0.09
0.09 -0.10
0.10 - 0.11
0.11 - 0.12
0.12 - 0.13
0.13 - 0.14
0.14 - 0.15

No. of values
in interval

3

No. of values o Interval
in interval (mz)
152 0.15 - 0.16
115 0.16 - 0,17
80 0.17 - 0.18
74 0.18 - 0.19
43 0.19 - 0.20
35 0.20 - 0.21
25 0.21 - 0,22
13 0.22 - 0.23
15 0.25 - 0.26
19 0.27 - 0.28
12 0.35 - 0.36
8 0.36 - 0.37
10 0.39 - 0.40
9
6
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TABLE F.2-7
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FREQUENCY DISTRIBUTION — OBJECT 64(S-band)

o Interval No. of values o Interval
(mz) in interval (mz)
0.00 - 0.01 49 0.27 - 0,28
0.01 - 0.02 129 0.28 - 0.29
0.02 - 0.03 147 0.29 - 0.30
0.03 - 0.04 123 0.30 - 0.31
0.04 - 0.05 65 0.31 -0.32
0.05 - 0.06 52 0.32 - 0.33
0.06 - 0.07 51 0.33 - 0.34
0.07 - 0,08 59 0.34 - 0.35
0.08 - 0.09 61 0.35 - 0.36
0.09 - 0.10 73 0.36 - 0.37
0.10 - 0,11 60 0.37 - 0.38
0.11 -0.12 28 0.38 - 0.39
0.12 - 0.13 33 0.39 - 0.40
0.13 -0.14 19 0.41 - 0.42
0.14 - 0.15 15 0.42 - 0,43
0.15 -0.16 21 0.43 - 0.44
0.16 - 0.17 14 0.44 - 0.45
0.17 - 0.18 18 0.45 - 0.46
0.18 - 0.19 18 0.46 - 0.47
0.19 - 0.20 6 0.47 - 0.48
0.20 - 0.21 11 0.48 - 0,49
0.21 - 0.22 9 0.49 - 0.50
0.22 - 0.23 7 0.50 - 0.51
0.23 - 0.24 8 0.51 - 0.52
0.24 -0.25 7 0.52 - 0.53
0.25 - 0,26 6
0.26 - 0.27 10

No. of values

in interval
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TABLE F.2-8

FREQUENCY DISTRIBUTION —OBJECT 64(X-band)

o Interval No. of values o Interval No. of values
(mz) in interval (mz) in interval
0.00 - 0.01 56 0.44 - 0.45 6
0.01 - 0,02 61 0.45 - 0.46 4
0.02 - 0,03 54 0.46 - 0.47 4
0.03 - 0.04 60 0.47 - 0.48 4
0.04 - 0.05 52 0.48 - 0.49 4
0.05 - 0.06 39 0.49 - 0.50 6
0.06 - 0.07 46 0.50 - 0.51 4
0.07 - 0.08 39 0.51 - 0,52 1
0.08 - 0.09 33 0.52 - 0.53 2
0.09 - 0.10 30 0.53 - 0.54 2
0.10 - 0.11 41 0.54 - 0.55 5
0.11 -0.12 26 0.55 - 0.56 1
0.12 - 0,13 26 0.57 - 0.58 4
0.13 -0.14 21 0.59 - 0.60 1
0.14 - 0,15 33 0.60 - 0.61 1
0.15 - 0,16 27 0.61 - 0.62 1
0.16 - 0,17 33 0.63 - 0,64 3
0.17 - 0.18 35 0.65 - 0.66 1
0.18 - 0.19 26 0.66 - 0.67 2
0.19 - 0.20 25 0.67 - 0,68 1
0.20 - 0.21 34 0.69 - 0.70 1
0.21 - q.ZZ 27 0.70 - 0.71 1
0.22 - 0.23 30 0.74 - 0.75 1
0.23 -0.24 34 0.75 - 0.76 1
0.24 - 0.25 21 0.80 - 0.81 2
0.25 - 0,26 16 0.81 - 0.82 2
0.26 - 0.27 15 0.83 - 0.84 2
0.27 - 0.28 10 0.84 - 0.85 1
0.28 - 0.29 11 0.85 - 0.86 1
0.29 - 0.30 13 0.87 - 0.88 1
0.30 - 0,31 13 0.88 - 0.89 3
0.31 - 0.32 12 0.89 -0.90 1
0.32 -0.33 14 0.94 - 0.95 1
0.33 - 0.34 6 1.00 -1.01 1
0.34 - 0.35 18 1.04 -1.05 3
0.35 - 0,36 14 1.10 -1.11 2
0.36 - 0.37 6 1.12 - 1.13 1
0.37 - 0.38 10 1.13 -1.14 3
0.38 - 0.39 8 1.16 - 1.17 3
0.39 - 0.40 6 1,27 -1.28 1
0.40 - 0.41 5 1.28 - 1,29 1
0.41 - 0.42 5 1.30 - 1.31 1
0.42 - 0.43 6 1.36 - 1.37 1
0.43 - 0.44 3 1192
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TABLE F.2-9
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FREQUENCY DISTRIBUTION — OBJECT 65(S-band)

o Interval No. of values
(m?) in interval
0.00 - 0.01 78
0.01 - 0.02 44
0.02 - 0.03 63
0.03 - 0.04 74
0.04 - 0.05 81
0.05 - 0.06 65
0.06 - 0.07 75
0.07 - 0.08 6l
0.08 - 0,09 44
0.09 - 0.10 35
0.10 - 0.11 31
0.11 -0.12 38
0.12 - 0.13 21
0.13 - 0.14 31
0.14 - 0.15 15
0.15 - 0.16 9
0.16 - 0.17 7
0.17 - 0.18 14
0.18 - 0.19 7
0.19 - 0.20 4

117

o Interval
(m™)
0.20 - 0.21
0.21 - 0.22
0.22 - 0.23
0.23 - 0.24
0.24 - 0.25
0.25 - 0.26
0.26 - 0.27
0.27 - 0.28
0.28 - 0.29
0.29 - 0.30
0.30 - 0.31
0.31 -0.32
0.32 - 0.33
0.33 - 0.34
0.34 - 0.35
0.35 - 0.36
0.36 - 0.37
0.37 - 0.38
0.38 - 0.39

No. of values
in interval
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TABLE F.2-10

FREQUENCY DISTRIBUTION —OBJECT 65(X-band)

o Interval No. of values o Interval No. of values
(mz) in interval (mz) in interval
0.00 - 0,01 32 0.29 - 0.30 13
0.01 - 0.02 49 0.30 - 0.31 9
0.02 - 0.03 33 0.31 -0.32 8
0.03 - 0,04 33 0.32 - 0.33 5
0.04 - 0.05 43 0.33 -0.34 6
0.05 - 0.06 51 0.34 - 0.35 10
0.06 - 0.07 33 0.35 - 0.36 12
0.07 - 0.08 38 0.36 - 0,37 7
0.08 - 0.09 36 0.37 - 0.38 3
0.09 - 0.10 31 0.38 - 0.39 9
0.10 -0.11 31 0.39 - 0.40 5
0.11 -0.12 33 0.40 - 0.41 1
0.12 - 0.13 25 0.41 - 0.42 5
0.13 - 0.14 27 0.42 - 0.43 9
0.14 - 0.15 : 24 0.43 - 0,44 6
0.15 - 0.16 20 0.44 - 0.45 1
0.16 - 0,17 17 0.45 - 0.46 2
0.17 - 0.18 23 0.46 - 0,47 4
0.18 - 0.19 16 0.47 - 0.48 3
0.19 - 0.20 19 0.48 - 0.49 7
0.20 - 0.21 22 0.49 - 0.50 2
0.21 - 0,22 16 0.50 - 0.51 1
0.22 - 0.23 20 0.52 - 0.53 1
0.23 -0.24 15 0.53 - 0.54 2
0.24 - 0.25 23 0.55 - 0.56 2
0.25 - 0.26 17 0.60 - 0.61 1
0.26 - 0.27 12 0.62 - 0.63 1
0.27 - 0.28 13 0.67 - 0,68 1
0.28 - 0.29 10 898
118
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F.3 THE DEFINITIONS OF THE AUTOCORRELATION FUNCTION,

R(T), AND THE POWER SPECTRUM, S(), USED IN THE

COMPUTATIONS

In this section, a brief summary of pertinent facts concerning the
usual R(7) and S(w), the definitions of R(7) and S(w) used in the computa-
tions, the relationship between R(7) and S(w), and one aspect of the sig-

nificance of the definitions are presented.

When a real random function y(t) is known for all times t from 0 to
, the autocorrelation function Roo(v') and power spectrum, S (w), are

defined as
T
R (7) = lim -——f (t) y(t+7)dt
* T>w T Ry
0
and
2
_2|Aw, ]
S (w) = lim —————"~ |
@) oim T
where
T
Alw, T) = — J y(t)e 1t gt
N2r
0
Note that
s@20,  |R n|<ry0) ,
and
o0
_ 2
S (w) = o R (7) cosw rdT .
0

The last equation is known as the Wiener-Khinchine Theorem.

(F.3-1)

(F.3-2)

(F. 3-3)

(F. 3-4)

(F. 3-5)
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For a random function y(nTgy), n=0, 1, ..., N (that is, for a finite
set of data), the autocorrelation function, R(r, T), and the power spec-
trum, S(w), will be defined here by

N-s

1
R(rg, T) = N 2 y(nT,) y(nTy+7g) , 0<Z Ts < NT,
n=0

=0, 7g<0and7g>NT_ , (F.3-6)

where
TS=ST0: s =20,1, ..., N, and
2 2

S(w) = ?IF(M, T) ‘ s (F.3-7)

where
N
Fu, T) = To 2 (nT.)e " To (F.3-8)
’ Nir & Vo ' '

Note that the summation in R(7g, T) is divided by N, the total number of
values for y(nTo), rather than by N-s, the number of values of y(nTg) x
y(nTo+ 7g) in the summation. The reason for this is to preserve the
relation

2T
S(w) = —

N
1
2 R(sTgo, T)coswsTg - 3 R(0, T) ; , (F. 3-9)
s=0
which is the analogue of the Wiener-Khinchine relation. A proof of
Equation F. 3-9 is the following:

Using the definition of F(w, T) given in Equation F. 3-8,

120
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‘F(w, T) .2 =

2 N N .
4‘ , “ , y(nTy) Y(mTo)elw(n_m)To
n=0 m=0

1wsT

o) y[(n s)T ]

= s=n-N

N N
2 2 y(nT,) y[(n-s)To]ei“’STo
s=0 n=s

-1 N+s

2 2 Y(nTo)y[(n—s)To]ei“'STo
s=-N n=0

-+

2.’)’ (nTg) +2 2 Z y(nTo)y[(n s)T]coswsT

s=]1 n=s

From the definition of R(rg, T)

R(sTo, T)

T N
<—T9-)Z y(nTg) y[(n-s)To] s
n=s

where

121
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Thus

2 2 T =
S(“’)E_T— IF(w, T)) = "Wg R(o, T)+2 2 R(sTy, T) coswsT,
s=1

from which Equation F', 3-9 immediately follows.

One aspect of the significance of the definition of F(w, T) may be seen
from the following considerations. R(7g, T) and S(v) were computed
according to the above equations,
using for y(nT,) the averaged
values of cross-section de-
fir) 4 scribed in Section F. 2; that is,
X X each 7 is the average over six
. successive values of ¢ with no
' overlap in neighboring 's.
|

— 3

Consider the Fourier analysis
of an arbitrary function f(t)
which passes through a given
set of points f, defined at the
| l times thm> m=20,1, ..., M,
n=0,1, ..., N, and f(t) = 0
foo fol > ' Mo for t <ty and t >ty ppyp- (The
f,m correspond to the ¢ values,
M+1 of these being used to ob-

tain a value of ©.) The Fourier

Set of Discrete
| Data M =5

— cemse e e— X

transform of f(t) is given by

tN, M+1 . N tn, m+l
1 -iwt -iwt
Flw) = [—— £ dt = £(t dt,
“ (m)j (te (m) n2=0 mi S (te
tOO tnm

the latter expression being valid provided t; pry =t (this insures

that the whole integration range be covered).

n+l, o0
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If
th,m+l “th,m = Aandty, =0,
then
tnm = n(M+1) A + maA ,
and
tn,m+1 = n(M+1) A + (m+1) A ,
th, m+l A Ciwt!
-1 -1 1 !
j ftye “t gt = o ltm j’ dt' f(t' +tp,q)e
thm 0
Ifrwa<< 1,
N M
A -i ~
Flo) = ( 2 ) E ' o1 [n(M+1) a+ma] T
YT/ n=0 m=0
where
tn, m+l
f = (1) f(t) dt
nm A ( .
thm
If further wMA << 1,
N
T .
o) E - -iwnT
F(U)E fn e o s
N 27 n=0
123
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where
= (M+1) A

and

M
2 Tom

m=0

The formal similarity between this expression for F(v) and f(w, T) as
defined in Equation F. 3-8 is apparent. If now f(t) is slowly varying over
time intervals of length A (i.e., f(t) is band limited withw . <<1/A),
then fnm~ fom = fn m+1; that is, f nm may be replaced by f,,,, in which
case T, is merely the average of the M+1 values: fng, f1, ..., fhp1
Thus, the definition of F(w, T) given above and used in the computations
gives the power spectrum, for w << 1/Tq (Tq is the interval over which
the data are averaged), of a function which is zero outside the observa-
tion interval and which passes through all the points of the data before
averaging. It is assumed that the function is band limited with maximum
frequency << 1/A (A is the pulse repetition period of the radar used in
obtaining the original data). In this case, A = 1/409.75 sec. and

= 6A (M = 5).

In actual practice, the following procedure was used:

N-s
R(r) = R(sT,) = (%) 2(: o(nTy) @ ((n+s) T0> s
n=

where values of s used were

0(5)150(25)1250 for S-band ,

n
"

)]
1}

0(5)200(25)1250 for X-band .

These are the values shown on the accompanying list.
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Then S(w) for w< 27 was approximated as

ZTO N
S(w) = - 2 ag R(sT,) cos(wsTy) ,
s=0
where
ap = 5/2 ,
- 5 £ 5<s <145 for S-band
% * °f \5<s <195 for X-band °’
=15 for s =150 for S-band
% ° °" s =200  for X-band ’

- 25 ¢ 175 < s £1250 for S-band
% = °F 1225<s <1250 for X-band

This procedure was used to obtain S(w) for w/27 = 0(.1)1.0 cycles
per second; for larger values of w, the method must be altered, inasmuch
as taking s at intervals of 25 does not yield sufficient accuracy. In the
interest of economy of time and money, it was decided to return to the
basic definition of the power spectrum, namely

S(w)E% 'F(w,T) ‘2 .

Numerically, this means
25T

v/g) 2 | /g 2
S(w) = ”No 2 o(5nTp) cos(5nwTy) | + 2&‘(5nTo)sin(5ano)

n=0 n=0

This is the formula used to obtain S(v) for w/27 = 1.1, 1.2, 1.5, 2.0, 3.0,
4.0, 5.5, 6.0, 6.5, 7.5 cycles per second. To get S(w) for higher values

of w would require taking more than every fifth value of & which was not
considered warranted.
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F.4 COMPUTATIONAL RESULTS FOR R(T) AND S(w)

The results of the computations of the autocorrelation functions and
spectra for the various objects are given in Tables F.4-1—F.4-4 and
Figures F.4-1 — F,4-20, There are two curves for each object and fre-
quency, one of which shows all of the computed values and is faired in at
w/2m = 1.1 cycles per second, the other of which shows the region w<2r
in more detail.

The spectra, as expected, all show a large peak at w= 0. They then
drop off rapidly and then oscillate more or less randomly. For only
three of the ten cases did the ratio of the second largest peak to that at
w = 0 exceed 1/10: for Object 59 at S-band this ratio is~0.2; for Object
61 at S-band it is ~0. 3; and for Object 61 at X-band, there are two large
subsidiary peaks with ratios to the zero-frequency peak of ~0,5 and 0. 2.
The observation times for Objects 59 and 61 were considerably less than
for the others. (The sample lengths were approximately 7, 3, and 3
seconds for Object 59 at S-band, Object 61 at S-band, and Object 61 at
X-band, respectively. For the other objects, the sample length was >10
seconds.)

Before interpreting the peaks in terms of physical characteristics
of the missile, one should take into account the fact that the zero-
frequency signal from the missile will, for short observation times, con-
tribute appreciable subsidiary peaks to the spectrum (in addition to the
one at w = 0). When this is done, it is found that the results are not in-
consistent with the assumption that the spectra are due merely to a zero-
frequency signal with superimposed noise characteristics inherent to the
small sample. If the missile generates any other frequencies, thése are
not likely to be detected from the power spectra.

F.5 FURTHER ANALYSIS OF R(T) AND S(w)

The finite nature of the sample involved in these computations of the
autocorrelation function and power spectrum for the radar cross-section
data obtained in the drop tests necessitates a more detailed study, which
is presented in this section.
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TABLE F.4-1

= 1

MICHIGAN

Object 62

. 0023321
0018821
0013379
0009538
0007803
0007903
0008497
0009763
0010370
0010078
0009771
0010260
0010491
0010660
0010257
0009476
0008434
0007511
0007332
0007779
0008361
0008304
0007481
0007005
0007566
0008530
0009498
0010403
0010378
0009784

Object 59 Object 61
. 0008453 . 0029390
0008353 0023537
0008000 0017303
0007538 0011459
0006946 0007092
0006308 0005899
0005674 0005798
0005087 0006064
0004469 0007060
0003924 0007693
0003453 0008243
0003045 0009202
0002761 0010578
0002554 0012257
0002460 0014454
0002395 0013674
0002451 0011573
0002522 0009491
0002656 0006780
0002725 0005560
0002775 0005202
0002768 0004491
0002732 0003977
0002676 0003463
0002540 0004005
0002395 0005413
0002230 0006821
0002076 0008294
0001864 0009101
0001721 0009339
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150
175
200
225
250
275
300
325
350
375
400
425
450
475
500
525
550
575
600
625
650
675
700
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750
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800
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TABLE F.4-1 (Cont.)

R(n To) —S-BAND — SWEPT BACK FINS

= I

MICHIGAN

Object 59

.0001623
0001308
0001248
0001098
0001533
0001949
0001547
0000730
0000348
0000442
0000435
0000129
0000000
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Object 61

.0007954
0005069
0002642
0006688
0000477
0000812
0003202
0000193
0000615

Object 62

.0008917
0006795
0007798
0006138
0006063
0007759
0007138
0005265
0007893
0005356
0003522
0006118
0003889
0003649
0003116
0002660
0002799
0002389
0003582
0003334
0002809
0002497
0001704
0002867
0000575
0002067
0000082

= C|=
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TABLE F.4-2

R(nTy) — X-BAND — SWEPT BACK FINS

UNIVERSITY OF MICHIGAN

n Object 59 Object 61

0 .0141270 .0046145

5 0071525 0041448
10 0070421 0034787
15 0059138 0028063
20 0053559 0021480
25 0044026 0015557
30 0054613 0010679
35 0043404 0006991
40 0040270 0004715
45 0045957 0003385
50 0041832 0002416
55 0033812 0001878
60 0034853 0001489
65 0033959 0001520
70 0032140 0002208
75 0034870 0003448
80 0036184 0004371
85 0036834 0005240
90 0044616 0005950
95 0055883 0007081
100 0056242 0008855
105 0056562 0011552
110 0049853 0014348
115 0041834 0016783
120 0039607 0018905
125 0036294 0020430
130 0037868 0022077
135 0037045 0022308
140 0036235 0020588
145 0033121 0017566
150 0029456 0014172
155 0026168 0009584
160 0024110 0005271
165 0024711 0002434
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Object 62

.0050741
0025862
0020497
0017938
0021512
0025621
0021173
0018398
0018803
0023149
0022695
0016563
0018283
0018065
0019548
0022300
0017712
0021593
0017755
0017029
0016308
0018463
0017689
0017517
0015197
0015692
0019122
0018591
0017432
0017085
0014481
0014074
0012283
0010523
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175
180
185
190
195

200
225
250
275
300
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375
400
425
450
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TABLE F.4-2 (Cont.)

R(nT,) —X-BAND —SWEPT BACK FINS

m

-

MICHIGAN

Object 59

.0026162
0026965
0027853
0029782
0032698
0035881

.0039490
0034259
0022680
0021086
0022799
0023015
0013603
0012445
0009518
0007890
0002006
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Object 61
.0001081

0000774
0000973
0001878
0003357
0003873

.0003661

0003475
0002882
0001199
0000566
0001348
0001063

Object 62

.0010752
0012779
0013834
0011650
0013454
0010824

.0011133
0011588
0009446
0007613
0006469
0008158
0006938
0005678
0004964
0003596
0004875
0004372
0004175
0004257
0004977
0003584
0005147
0003615
0002293
0002339
0001387
0000443
0000183
0000331
0000000
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TABLE F.4-3

MICHIGAN

R(nT,) —S-BAND — SQUARE FINS

Object 64

. 0213705
0200862
0178543
0156342
0138965
0125703
0115042
0106352
0098932
0092760
0088143
0085914
0087777
0091778
0095362
0096523
0095611
0093766
0091029
0087031
0082757
0078319
0073477
0068420
0064605
0063129
0063519
0064878
0067283
0071034
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Object 65

.0135879
0102389
0066842
0061679
0063365
0068854
0075865
0079173
0077494
0064617
0057250
0060818
0065239
0066173
0067007
0067176
0061667
0054871
0055849
0063276
0073871
0073213
0058965
0049297
0047688
0051110
0058077
0059460
0058439
0057026
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TABLE F.4-3 (Cont.)

R(nT,) —S-BAND — SQUARE FINS

n Object 64 Object 65
150 .0075680 . 0052668
175 0089139 0053268
200 0077239 0059709
225 0060214 0045687
250 0063744 0037299
275 0066082 0042200
300 0045265 0044469
325 0061719 0036720
350 0070511 0036091
375 0056870 0037898
400 0045454 0040035
425 0045930 0028989
450 0041060 0029714
475 0040726 0032119
500 0048994 0039226
525 0048728 0029245
550 0043212 0025457
575 0062451 0028174
600 0067761 0038098
625 0050572 0022803
650 0062977 0026753
675 0072518 0038686
700 0056768 0028555
725 0039070 0018952
750 0035771 0017655
775 0032301 0015259
800 0027729 0009849
825 0026783 0007866
850 0051205 0007180
875 0035928 0008692
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TABLE F.4-3 (Cont.)

R(nTy) —S-BAND — SQUARE FINS

n Object 64 Object 65
900 .0019334 .0004677
925 0036836 0001206
950 0027423
975 0013044

1000 0020053
1025 0023112
1050 0016797
1075 0007424
1100 0005445
1125 0009259
1150 0002440
1175 0002134
1200 0006488
1225 0006437
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TABLE F.4-4

R(nTy) —X-BAND — SQUARE FINS

n Object 64 Object 65

0 .0731492 . 0401553

5 0496405 0269065
10 0415901 0257876
15 0418286 0257512
20 0359315 0245474
25 0301876 0238165
30 0310012 0244880
35 0311995 0242412
40 0350713 0226309
45 0377331 0255553
50 0422809 0256857
55 0432972 0253318
60 0370850 0232201
65 0359330 0252210
70 0362422 0235390
75 0348520 0251941
80 0299206 0224900
85 0289381 0217394
90 0330233 0238443
95 0332032 0240687
100 0329484 0243688
105 0400315 0241638
110 0364368 0232737
115 0347348 0216312
120 0358902 0237124
125 0335385 0218293
130 0290651 0205318
135 0272524 0213441
140 0280468 0226513
145 0301092 0235193
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TABLE F.4-4 (Cont.)

R(n T,) — X-BAND — SQUARE FINS

n Object 64 Object 65
150 .0291169 .0237621
155 0333597 0222940
160 0355673 0209540
165 0326777 0225274
170 0333055 0221028
175 0351747 0212266
180 0319484 0205320
185 0296904 0199072
190 0284441 0206678
195 0282039 0225460
200 .0279145 .0220419
225 0300524 0190359
250 0251444 0181058
275 0272144 0174472
300 0260056 0159126
325 0256764 0159699
350 0250086 0152185
375 0246935 0145686
400 0261566 0139706
425 0237105 0112744
450 0274815 0114447
475 0204867 0109566
500 0229171 0098070
525 0226876 0098986
550 0204659 0084603
575 0185845 0081030
600 0181684 0063576
625 0173128 0052469
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TABLE F.4-4 (Cont.)

R(nT,) — X-BAND — SQUARE FINS

n Object 64 Object 65
650 .0151293 . 0049851
675 0148216 0041182
700 0137398 0037598
725 0133801 0032464
750 0088473 0021562
775 0089325 0017225
800 0077180 0013484
825 0069846 0008427
850 0080214 0007767
875 0073055 0008462
900 0052689 0003787
925 0053285 0002023
950 0040715
975 0039828

1000 0035806
1025 0026802
1050 0031196
1075 0031564
1100 0024238
1125 0020768
1150 0019607
1175 0014503
1200 0011415
1225 0003088
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FIG. F4-1 S(w)FOR OBJECT 59 S-BAND
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FIG. F4-2 S (w)FOR OBJECT 59 S-BAND
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FIG. F4-4 S (w)FOR OBJECT 59 X-BAND

S

138

8.0

=TI

= I




S (w) x 104 (meters? / cps)

S (@) x 104 (meters? / cps)

20.0

16.0

UNIVERSITY OF

S

—
—

2428-3-T

CIRIETT

MICHIGAN

12.0

8.0
4.0 \ //’\\
/ N
0
0 2 4 6 8 1.0 12 1.4 1.6
f=w/2m (cps)
FIG. F4-5 S (w)FOR OBJECT 61 S-BAND
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FIG. F4-6 S(w)FOR OBJECT 61 S-BAND
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FIG. F4-8 S (w)FOR OBJECT 61 X-BAND
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FIG. F4-9 S (w)FOR OBJECT 62 S-BAND
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FIG. F4-10 S (w)FOR OBJECT 62 S-BAND
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FIG. F4-11 S (w)FOR OBJECT 62 X-BAND
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FIG. F4-12 S (w)FOR OBJECT 62 X-BAND
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FIG. F.4-14 S («)FOR OBJECT 64 S-BAND
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FIG. F.4-16 S (w)FOR OBJECT 64 X-BAND
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FIG. F.4-17 S (w)FOR OBJECT 65 S-BAND
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FIG. F.4-18 S (w)FOR OBJECT 65 S-BAND
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FIG. F.4-19 S (w) FOR OBJECT 65 X-BAND
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FIG. F4-20 S (w) FOR OBJECT 65 X-BAND
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F.5.1 Definition of the Autocorrelation Function and Power Spectrum
for a Continuous Sample on a Finite Interval

In defining the spectral density (power spectrum) and autocorrelation
function when the data is given for only a finite interval (2T), these quan-
tities must approach, continuously, the corresponding definitions given
in Equations F. 3-1 and F.3-2 as T becomes larger. Definitions for the
continuum corresponding to those of Section F. 3 are

File,m)
Sl(w,T) = T (F.5-1)
1
R (7,T) = ﬁj y(t, T) y(t+7,T) dt , (F.5-2)
where
T
1 -iwt
F (v, T) = t)e dt ,
1) = == j y(t)
-T
y(t), [tl<T
y(t, T) = . (F.5-3)
0, l[t] > T

These functions have the properties Sj(w, T) 20, Ry(r, T) = Ri(-7,T),
R1(0,T)2R (7, T), and they satisfy the Wiener-Khinchine relation:

Sl(w: T) =

3 |y

o0
J Ri(7,T) coswrdr (F.5-4)
0
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The proof of Equation F.5-4: By definition,

3

Si(w,T) = -1— dt j dt' y(t, T) y(t',T)e_i“’(t—tl)

1 F ® i
wT
— Jdt y(t, T) j’ dr y(t+r, T)e
-0 -0

dre'“" Ry(r,T) . (F.5-5)

N | =

From Equation F.5-2, it follows that Ry(-7, T) = Rj(7, T), so that Equa-
tion F. 5-5 implies Equation F.5-4. Inverting, we have

oo .
1 -iw

Ry(7,T) = 3 doe " Sy(w, T) . (F.5-6)

Thus,

|Ry(r, )< 5 ' Sy(w,T)

or

lRl(-r,T)I <Ry(0,T) . (F. 5-7)
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Since the limiting value, R(7), is the time average of the product
y(t) y(t+7), another reasonable definition, R2(r, T), would be

1 o0
Ro(r,T) = 5oy j y(t, T) y(t+r, T) dt ; (F.5-8)

that is, the integral

© T-7
j y(t, T) y(t+7,T) dt = j y(1) y(t+7)dt, 7 20
Yoo T
is divided by the interval used in averaging y(t) y(t+7). Note that
[RZ(T, T)| can be greater than R,(0, T). For example, if y(t) is as shown

in the figure, R(0, T) = to,/T, whereas Ry(2T-ty, T) = 1 > R(0, T) for
0<ty < T.

y(t)

-T -T+f° T - 'o T

One could also define a spectral density as the transform of Ry(7, T):

<]

Sy(w, T) = — Ry(7,T) coswtdT, (F.5-9)

N
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That S;(w, T) is not non-negative may be seen by the example y(t) = 1.
Then R(7,T) = 1, and Sy(w, T) = (2/7w) sin 20T. Note that

2T
22\ (.
Sl(w,T)-ﬂ j’ ( 2T> R2(7, T) coswrdr
0

i.e., Sj(w,») is the first order Césaro sum of S2(w, ©), so that when the
latter exists it is equal to S1(w, ).

Before comparing the relative merits of these various definitions,
the question as to what is desirable in the approximate quantities must
be discussed. Clearly the S(w, T) and R(7, T) which minimize |S(w, T)—S(w)|
and lR('r, T)-R(7)|, for all w and 7, respectively, would be the most de-
sirable. On the other hand, the usual types of criteria, wherein a single
parameter such as

L, = J S(w, T)-S(w) |dw
0
or
C 2
L, = j [S(w,T)—S(w)] dw
0

is minimized would not necessarily yield the most desirable approximate
function. For example, if y(t) consists of a random (noise) component
and a signal made up of a finite number of sine waves, and the purpose

is to detect this signal and determine the frequencies, one would choose
the S(w, T) which gave the ''sharpest" peaks at (or near) those frequencies,
provided it did not give sharp peaks at other frequencies. It can be
shown that, in general, neither Lj nor L; are good comparison param-
eters for an analysis of this kind.
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Criteria involving S(w) and R(r), the true spectrum and correlation
function, cannot be applied directly to problems such as the data analysis
for the Bendix Aviation Corporation, since the limitation to a finite
sample excludes the possibility of knowing S(«) and R(7). However, it is
conceivable that some process of guessing the statistics and finding opti-
mum definitions for R(r, T) and S(w, T) could lead one to better definitions
(Ref. 29)1. This approach, which seems worthy of investigation, will
not be considered further here.

'In Reference 29, the finite time average,
T

(§ Z(1) dt,

where Z(t) is some functional of y(t) (both y(t) and Z(t) are assumed to be
stationary) is generalized to
T

j g(t) Z(t) dt =M(T); the quantity [{M(T)2> - <M(T)>2] /<M(T)>ZEL
0

L
T

is then minimized (<>denotes an ensemble average). This leads to an
integral equation for the "optimum" g(t), having the autocorrelation func-
tion <Z(t) Z(t+ r)> as its kernel. One can apply this to the autocorrela-
tion function <y(t) y(t+r)> by taking Z(t) = y(t) y(t+7) and, in addition,
modifying the limits of integration to

T-r

|

0
However, the process of deriving the spectrum from the optimum auto-
correlation function through the Wiener-Khinchine relation does not, in
general, give an optimum definition for the spectrum. Further, the
analysis of Reference 29 is of no help in trying to minimize L directly
for the spectrum, i.e., taking
T .
Z(1) = j K(t) y(t)e'“t dt.

-T
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Other properties which might be considered desirable are those
described by Equation F. 3-4. These will not be assumed here (if they
were, then the pair R)(r, T) and Sp(w, T) would immediately be ruled out).
Instead, y(t) = A cos wyt + N(t) will be investigated, where the function
N(t) is assumed to have some standard noise properties. S(w,T) will be
required to consist of a continuous (noise) component plus a peak' located
near w = wg(the purpose of the peak is to allow one to say whether or
not the signal, Acoswgt, is present and, further, to determine the value
of wp). This will be done for the two functions Sj(w, T) and S2(w, T); it
will be seen that the nature of the signal peak, and in fact the whole func-
tion, is essentially different for these two definitions. Some remarks
about the comparison of Rj(~, T) and R2(7, T) will also be made.

For y(t) of the form
y(t) = a(t) + n(t) (F.5-10)

(o(t) is considered to be signal, n(t) to be noise),

Ri(r,T) = L J‘ U(t, T) U(t++, T) [O'(t) + n(t)] [O'(t-i-'r) + n(t+'r):l s

2T
where
SR
U(t, T) =4
‘o0, |tI>T

't is tempting to consider the peaked component an approximation to
the Dirac é-function. Care should be taken in this respect, however,
since there the manner in which the approximation approaches the

é-function is important. For example, the function é(w,T) = N2/7 Tcosw
satisfies the integral property
o0

;[ob(w-w') flo) do' = f(v)

in the limit T~ for most well-behaved functions f(x), but this §(w, T)
would not be satisfactory for our purposes.

22
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Thus,

-T

T
1
Rl(-r, T) = Ral-(-r, T) + RTII(T,T) +-—2—;r— jT |:0'(t) n(t+7) + o(t+7) n(t) ]dt,
2T>7 30 , (F.5-11)
where
T-1
Rﬁ T) = ! 1 t dt =
1('f,)—ﬁ B(t) B(t+)dt. B =oa,1n .

Taking the ensemble average,

-T

.
2T

K__———}'_a

<R1(T, T)) = R‘I’(T, T) + <R’;(T, T)) + [O'(t) + o-(t+r)]dt,

T

0<T<L2T , (F.5-12)

where n(t) is assumed to be a stationary random process; this assump-
tion also leads to

<R71](T,T)> = <-$ R"(r), 0<TL2T , (F.5-13)
where
R"(r) = {n(t) n(t+r)> . (F.5-14)

Noting that

2T
Rz(T) T) - 2

T -|7|

R (7, T) , (F.5-15)
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and
2T

p _ 2 p
Sk(w,T) = S Rk('r,T) coswtdT ,
0

then

2T T-7

<8 (0, T)) = s‘lr(w, T) + <S;’(w,T)> +<7r—'lr>— j d-rcoswrj [(r(t)+<r(t+-r) } dt
0 T

2T
=S (w, T)+ <S (w, T)> +<n> j deian|:0'(T-'r)+0'(T—T):l s
0
(F.5-16)
and

2T T-1

(8,0, T = S5(0, TV + S0, T) ) + 2<">j Z?FS“':J dt [c(t)+0'(t+‘r)] :

0 -T

(F.5-17)
Clearly

2T

<S’1"(w,T)> =% j Q-ﬁ> R"(7) coswrdT (F.5-18)
0

and
2T 2T

2
<Sg(w, T)> = p Rn('r) coswTdT = <ST(w, T)> + ;rl?- [ 'ar('r) coswtrdT

0 0
(F.5-19)
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Assuming <{n) = 0, the autocorrelation functions and spectra are simply
sums of the contributions due to signal alone and noise alone. Further-
more, from Equation F. 5-19 it follows that for T >> the correlation time
of the noise,

(Sle, T = {SHw, T .

Consider the part of the correlation function and spectrum due to signal
alone., For

o(t) = Acoswyt , (F.5-20)

simple integration leads to

| sinwg(2T-7)
ZT"T wo

2T-1
4T

RT(T,T) = A? ] , 0<T<2T,  (F.5-21)

2T-T1 Wo

1
R;(T,T) = A2 5 {cos woT + } , 0<T<2T, (F.5-22)

A2 [sin?(w-w))T sind(wtwo)T  sin(w-wo)T sinfw+wy)T

g
S (w,T) = + + 2
1 21T | (w-wg)? (whug) (w-wp) (wtwp)
(F.5-23)
Calculating SS(w, T) from the definition,
2 [sin2(w-w )T  sin2(w+w.)T 2
A
ST(w, T) == A ° + A lw,T), (F.5-24)
2 2T w-wg wtwg Twg
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where
2T
COSwT sinwy(2T-T)
(w,T) = dr >T-r
0

It is easy to show that

cos 2WT

(v, T) = ——2—-{s1[z(w+wo)ﬂ . Si[Z(w—wo)T]} + Sing“'T {w [Z(w—wo)T]} ,

(F.5-25)
where
X
r R t
Si(x) = sin ’
J t
0
X
l1-cos
b = | = L 4t = Invx- Ci(x) |
0
o0
Ci(x) = j COtSt dt , and
X
Y = 1,781072, Euler's constant.
Consider first the spectra for the case wy = 0. Then
2 .2 .
2
Sa(w’ T) = A sin® wT (F.5-26)
1 m wZ T
and (wg = 0)
v 2A% sin2wT
ST(w,T) =
2 T w
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(since I(w, T)/wy = (sin2wT)/w when wo = 0). The interesting feature here
is that, while for T3~ both functions satisfy, to within a normalization
constant, the property

Jo(w) f(w) dw = £(0)

(for most well-behaved f(w)), they differ in a number of other essential
properties. Some of these are advantageous (from the viewpoint of

signal detection and resolution) for one, some for the other. For ex-
ample, the fact that Sg(w, T) is twice gs high as S‘lr(w, T) at w= 0, ar%rd

half as wide (i.e., the first zero of S,(w, T) occurs at half that of S1(w, T)),
works in favor of Sg(w, T). On the other hand, the property S‘f(w, T) 739,
w = constant # 0, which is not exhibited by Sg(w, T), tends to favor S‘l"(w, T).
Another property which favors Stlr(w, T) is that the ratio of the height of

the peak at w = 0 to that of the neighboring peak (which occurs at

w= “’i = 37/2T) is almost three times the corresponding ratio for Sg(w, T):

g o 1
S)0.T/8WLT) g2 o
= = ==2.8 . (F.5-27)
So-o T/So-wl T 57['/2 ].O
2( J ) Z( 2) )
Consider wg > 0. Then,
- A2 | sind(w-ug)T
Syle, T) == (-wug2 72 T Alles T)J ; (F.5-28)
- A2T R‘sinZ(w-wo)T |
S3(w, T) = ooyt Ag(w,T)J , (F.5-29)
where the functions
sin(w- w) T sin(w+ug)T sin®(wtwg)T
A (v, T) =2 + , .5-3
1 (@-wo)T (wtw) T (w+wg)? T2 (& o
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A, (@, T) * SorogT 50T (F.5-31)

tend to distort the peaks; these peaks are represented by the terms

(A%/21T) [sinz(w-wo)T}/(w—wo)Z

and

(AZ/ZW) [SiHZ(w—wo)T}/(w—wo)

in S](w, T) and Sy(w, T), respectively, which are simply 1/4 the functions
for wy, = 0 (Eq. F.5-26), but centered around wy. Clearly there is not
much distortion in S‘f(w, T) for wy T>>7; for example, Aj(w,T) = O(wo'lT'l)
at w= w,. To estimate the distortion in S;(w, T), examine the asymptotic
expressions (Ref. 30)

. T COSX sinx
Sl(X)z‘Z—- .’ V(x)=In?y x - = s

valid for x > 27. Considering again the value at w = wg ,

sin4 w,T

r 07
4 wOT ’

> (F.5-32)

Az(w, T)= [(1n47w0T) sin2 w T + 5 cos Zon] +

which goes to zero as wy T« ; the logarithmic term, however, tends to
cause more distortion in the case of Sg(w, T).

Thus the two functions, Sj(w, T) and S2(w, T), which differ in several
essential respects, both show peaks at the signal frequency, plus other
maxima which are less than 1/7 the height of the signal peak. For the
purpose of the Bendix contract, wherein the only a priori information
was that there was a large zero-frequency component, with the object
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being to discover any other components if they existed, the choice ve-
tween the various definitions was a matter of indifference.

Before concluding this section, one further remark concerning the
two definitions of the autocorrelation functions remains to be made.
Rj(7, T) is identically zero for 72 2T and is near zero for r=2T, where-
as Ry(r, T) will not generally approach zero as 7>2T (r<2T). There-
fore, Ry(7, T) could be considered, in general, a better approximation to
the true R(r). However, as 7> 2T, the length of sample used in com-
puting either R(7, T) goes to zero, so that the results for r=2T will be
statistically unreliable; hence, essentially nothing is lost in this respect
by using Ri(r, T).

F.5.2 The Autocorrelation Function and Power Spectrum for a
Finite Sample

The drop-test data, being the result of measurement with a pulsed
radar (prr =400 sec’l), yielded a finite number of values of the cross-
section spaced at intervals A=1/400 sec. The problem of defining
the autocorrelation function and power spectrum in terms of such data
is essentially the same as in the case of a continuous sample of finite
length with the exception that, in the discrete case, one must make an
assumption as to band limitation. This corresponds to the fact that
cos(w] t) and cos(w2 t) ‘will look precisely the same if sampled at times
tp=na(n=0, 1, ..., N)if w, = v + 2s7/A, s any integer. The limita-
tion imposed by the discrete observations is not restricted, a priori,
to low frequencies. It is necessary only that two frequencies differing
by 2sm/A be indistinguishable (no matter how large N may be). However,
physical considerations lead to the assumption that the function being
sampled is essentially band-limited by w<27/A =400 cps (that is, the
amplitudes of the higher frequency components are much less than the
amplitudes of those within this band). The actual computation was not
based on the original data, but on a reduced set obtained from the origi-
nal by averaging, with no overlap, successive sets of six points. Hence,
the data used was at intervals of Ty = 6A. One may ask whether it is
necessary to assume a band limitation of w<27/Tg= 66 cps. It was
shown in Section F'. 3 that, in terms of the definitions used, this was not
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the case — one need assume only the band limitation imposed by the
spacing of the original data, provided that the spectrum is computed for
w<<2r/T,.

Analogously to the case of a continuous sample, there are, as alter-
natives, the definitions of Section F'. 3:

N-s
1

RY(7g, T) = N-stl nz— / y(nTy) y(nTqy+ 75)

and

N

2 1

S'(w) = % 2 R'(sTg, T) coswsTg - 2 R'(0, T)
s=0

For the case y(t) = 1, the summations are easily carried out, yielding

gin2 (HDwTo

T 2
S(e) = (N+01)7r T ’
sj_nz 2__0-
2
TO SianTo
S'(w) = + cos NwT,
sin wz o

Hence, the remarks of Section F.5.1 concerning the comparison of the
various definitions apply here as well,
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APPENDIX G

THE CROSS-SECTION OF THE TANKS

G.1 INTRODUCTION

The cross-section of the terminal propulsion unit (tanks) at 200 Mc
was determined by essentially three different methods of approach:

1. Using previously obtained theoretical and experimental
data on the 7-OC booster (Ref. 1),

2. Using physical optics methods on the breakdown of the
tanks shown in Figure G.1-1 (a drawing of the tanks
appears in Fig. 2-4!), and

3. Using physical optics methods on a modification of the
breakdown used in Method 2.

In the consideration of the problem by Methods 2 and 3, the cross-
section was determined for-the tanks with the warhead attached, with
the warhead removed, and with both the warhead and hat section removed.

G.2 METHOD 1 — SCALED 7-OC BOOSTER DATA

This section contains an estimate of the radar cross-section of the
terminal propulsion unit (tanks) at 200 Mc based upon the results obtained
previously on the 7-OC booster. Experimental and theoretical data on
the cross-section of the 7-OC booster appear in Reference 1. If the
7-OC booster is scaled down by a factor of 5/6 (Fig. G.2-1), the result-
ing model closely resembles that of the tanks. The dimension of the
5/6-scale 7-OC booster and the tanks are compared in Table G.2-1.

'The drawing of the tanks shown in Figure 2-4 shows the warhead in
the shape of a cone rather than as one of the Rudolph parameterizations.
Thus, the Method 2 approach, in computing the cross-section with the
warhead attached, assumes the warhead to be in the shape of the cone
shown on Figure 2-4.
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211 > 507

(all dimensions are in inches)

— 56

163

49

FIG. G.2-1 A 5/6 -SCALE MODEL OF THE 7-OC BOOSTER

TABLE G.2-1
COMPARISON OF DIMENSIONS BETWEEN THE TANKS AND THE
5/6-SCALE MODEL OF THE 7-OC BOOSTER
Tanks 7-OC Booster

Maximum diameter 120 in. 120 in.
Front diameter 48 in. 45 in.
Rear diameter 50 in. 56 in.
Length-truncated cone 204 in. 211 in.
Length-cylinder section 497 in. 507 in.
Length-rear sloped section 45 in. 49 in.
Length-tail cylinder 128 in. 163 in.
Nose angle (truncated cone) 10° 10°
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Application of modeling theory to the data for the 7-OC booster
given in Reference 1 yields cross-section data on the '5/6-scale 7-OC
booster" (and thus on the tanks) at 90, 270, 720, and 1200 Mc. Figure
G.2-2 shows the theoretical cross-section (average ¢) of the ''5/6-scale
7-0OC booster' at 270, 720, and 1200 Mc, as scaled from the data of
Reference 1.

The theoretical curves given in Figure G. 2-2 for the cross-section,
combined with the experimental data shown in Figures G.2-3 and G.2-4!,
yield a reasonably good estimate of the cross-section pattern to be
expected for the tanks at 200 Mc in the interval 0 < ¥ <90°.

G.3 METHOD 2 — PHYSICAL OPTICS CROSS-SECTION OF THE TANKS

G.3.1 Cross-Sections

The physical optics method was applied to the determination of the
cross-sections of the tanks using the formulas given in Section G.3.2
which were evolved from the breakdown of the tanks by the methods of
Appendix A of Reference 5. The cross-sections were determined at
200 Mc for the tanks with:

1. The nose-cone attached;

2. The nose-cone removed and the resulting hoie assumed
to be:

a. Filled with an absorbing material so that no
return is received from the interior of the hole,

b. Lined on the inside with an inverted hemisphere,
and

c. Empty up to the end of the hat section, so that
from the nose-on aspect the return would be
like that from a flat plate; and

3. Both the nose-cone and hat section removed.

'Figures G.2-2 — G.2-4 were taken directly from Reference 1, with
the appropriate scale factors introduced.
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The results obtained are shown in Figure G.3-1.

G.3.2 Computational Procedures For the Tanks

In determining the cross-section, using the breakdown shown in
Figure G.1-1, the primary contributions to the cross-section were
assumed to come from:

1. The tip of the nose-cone (o),
2. The junction of the nose-cone and the hat section (o-3 and 04),

3. The junction of the extended hat section and the central
cylindrical portion (¢, and og),

4. The junction of the cylindrical portion and the rear
conical surface (06 and ¢g), and

5. The engine breakdown back of the rear cone (¢7).

At certain aspects (namely those which are normal to the conical or
cylindrical surfaces), other formulations were involved.

The formulas involved are listed below:

2 2 2 2
o*=o-1+1r R2 tan (10°)+1rR1 [tano.—tan(loo)] ,forlP=O°
5
o 0
o= 2 o , for 00<y¥<10
i=1
6
c=0, + 2 o, ,f0r100<¢'<a
1 4 i
i=3
7
c=0, + 2 v, ,fora<|l/<90°-a
1 2 1
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FIG. G.3-1 CROSS-SECTION OF THE TANKS AT 200 Mc (METHOD 2)

169

(=

==

i




SECRIET

UNIVERSITY OF MICHIGAN

2428-3-T

7

81rR13
E o)
+ (ri , for v =90~ - a

g = )
9\ sin“acosa i=5
7
o= 2 o, ,for‘)00-<1<1p<80o
4 1
i=4
2
b [(R2)*/2 - (R1)*/2] )
o= t+o0, +o, , fory=280
9\ sin? (10°) cos (10°) 6 7
7
o= 2 o, , for 809<y<90°
‘ i
=4
2w L°R, o
a-f +cr4+<r7 , for vy = 90
7
¢ = 2:0-. , for 90°< v<90° + a
4 i
=4
3/2 3/2]2
8 [(Rz)/ —(I‘)/] o
= ' + + + , for ¥ =90 +
4 9)\sin2acosa 04 0-5 0-7 9 ¢
7
o = 2 Ui ,for900+a<|l/<1800-a
i=4
1
¢ = Z o , for 180° - a < ¥ <170° -
i=5
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8

T = 2 o, , for 170%<y< 180°

i=6

o= 'rr(rt)‘2 +Tr(R2)2tan2a +a7 , for ¥ = 180°

where

>
1}

1.5m
an”1 (24/29)
R, =0.61lm

o)
|

R_=1.52m
r =0.23m
r =0.63m

and

- = xztan4a 1 + cos(2a)
1 léw cos(2¥)+cos(2a)

)\thanZ(IOO - ¥)

2 87 siny

AR

2
- 1 ) o o o

_ MR [ 2 o
" Bwsiny 2P (“"1’)] , for 10° <y <a

\R 2
T, = {)tan (@ +¥) - Jtan(10° + ‘/’)G

8m ' s1nw|
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)\RZ o 2
o, = ml{ltan(lo + l//)\ - |tamp|}

AR 2 o
66 = m|{tan w} , for 107"<¥ <a

AR 2 o
. ¢ - - -
o |Sinlb|ﬂ any| - |tan(y a)l} , for a< ¥ < 180

(w%%org—-ra)

L

T2 2
(.51)" +(.37) ] for a <y <90°

"

N

2 2 2
(.51)" + (.37) +(.25)] . for 90° < v < 180°

r 2 2
= |(.37) +(.25)J , for v = 180°

AR,
0‘8 = 8“l81nw|{tah (a + ljl)}

The formulas above were applied for the tanks with the nose-cone
attached. In considering the cases of the tanks with the nose-cone
removed, the expressmns for o, =1, 3, and 4 had to be changed and,
at the aspect ¥ = 90° , the normal incidence term deleted.

The new forms of <r3 and 0'4 are

AR
03 " 8w siny

tan® (10° - y), 0°< v < 10°

| AR

2 o) o)
= 107 + ¢), 80~ ;
4 sy 0 ", v#
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and ) is replaced by:

1. The wire loop formula for the case cited in (2a) of Section
G.3.1,

2. The wire loop and sphere formulas for the case cited in
(2b), and

3. The wire loop and circular flat plate formulas for the

case cited in (2c).

In determining the cross-section for the tanks with both warhead
and hat section removed, the approach outlined above for the case cited
in (2c) was employed, with the value of Ry changed to 0.88.

G.4 METHOD 3 — CROSS-SECTION OF MODIFIED TANKS

In performing the analysis and computations for the Method 2
approach, it was observed that the base of the nose-cone shown on the
drawing furnished to us of the terminal propulsion unit was larger in
diameter than the maximum diameter of the Rudolph warhead. Thus, the
tanks were modified slightly (the hat section was lengthened), and the
computations were repeated. The warhead used in these computations
is Configuration IV.

Configuration IV was chosen because it most closely resembled the
nose-cone shown on the "tanks" drawing. One further modification was
made in the breakdown, and that involved the breakdown of the "engine
configuration.' (This latter modification had no effect upon the cross-
section curves obtained. )

The new breakdown, as it pertained to the front portion of the tanks,
is shown in Figure G.4-1.

The computations were performed for:

1. The tanks with the warhead (Configuration IV) attached,
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10°
Hat-Section ‘
R-W Re-entry Body \ T

All Dimensions Shown Are in Meters /
Central Section (Cylinder: Radius =1.52, Length =12.6)

(See Figure G.1-1 for Breakdown of
Aft Portion of Tank)

FIG. G.4-1 GEOMETRY OF THE MODIFIED TANKS USED FOR COMPUTATIONAL PURPOSES
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2. The tanks with the warhead removed, the resulting '"hole"
being the mirror image of the rear of Configuration IV,
and

3. The tanks with warhead and hat section removed.

The lengthening of the hat section led to a slightly larger value for
the cross-sections for Cases 1 and 2 at ¥ = 80°, Otherwise, the only
noticeable changes from the results of the Method 2 approach are in the
cross-sections for ¢ = °.

For Case 1, the o) of Section G.3.2 was replaced by the nose con-
tribution of Configuration IV (App. A); and for Case 2, o; was replaced
by the wire loop formula used in Method 2 plus a contribution from the
inside of the hole (estimated to be equivalent to that obtained from a
sphere of radius 0.2 m, the radius of the rear hemisphere of Configura-
tion VI). Case 3 was identical to the Case 3 of Method 2.

The results obtained are shown in Figure G.4-2.
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FIG. G.4-2 CROSS-SECTION OF THE TANKS AT 200 Mc (METHOD 3)
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APPENDIX H

IONIZATION AND RELATED TOPICS

H.1 INTRODUCTION

The ionization which appears about a high-speed missile as it de-
scends through the atmosphere could be a contributor to the radar reflec-
tions from the missile. An analysis of this problem was begun in Ref-
erence 1 and the results of that analysis are summarized below. Other
related investigations carried out since the publication of Reference 1
are also discussed.

H.2 SUMMARY OF IONIZATION STUDIES REPORTED IN REFERENCE 1

This section contains a summary of the work on ionization produced
by a ballistic missile performed at The University of Michigan and re-
ported in Reference 1. This study was necessitated by the fact that, if
missiles produced sufficient ionization, their radar cross-section might
be significantly enhanced. Further, if they formed persistent ion trails,
they might be confused with meteors in radar observation.

The work was based on the fact that, to have perfect reflection from
an ion cloud, the electron density must exceed a critical value given by

2

f

N, = a1 x 100 electrons/cmJ,

where f is the observing radar frequency, measured in Mc. Operation
at 25 Mc was assumed; in practice a higher frequency would certainly be
used, and thus a greater electron density would be required.

The ionization was assumed to be caused by secondary collisions, in
which atmospheric particles struck by the missile rebound elastically and
ionization occurs in their collisions with other atmospheric particles. The
primary collisions were treated by two opposite approximations: rigid
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binding, where the missile atoms may be assigned infinite mass; and no
binding, in which they are taken as free. Ionization in the primary col-
lision is energetically forbidden, and no other mechanisms were clearly
established as physically significant.

The ion distribution about the missile nose is shown to resemble a
hyperboloid. Supracritical density is assumed within such a contour, and
the effect of the subcritical density outside, which would reduce the radar
cross-section, is neglected. At other points in the computation, approx-
imations favorable to ion production are made. A missile velocity of
10 km/sec at an altitude of 200 km was assumed. Maintenance of a con-
tour large enough to enhance the missile's nose-on cross-section by mm?
was shown to require a probability > 1 for ionization in a sufficiently ener-
getic secondary collision. It was therefore concluded that the nose-on
cross-section of a 10 km/sec missile at that altitude would not be enhanced
by ionization.

It was further shown that the broadside cross-section would not be
enhanced, since few electrons would be produced along the sides of the
missile. Also, the electron density produced is too small to form a
significant trail behind the missile.

Since the relative importance of the possible mechanisms for ioniza-
tion is affected by altitude and speed, the fact that meteors are observed
by radar reflection does not constitute an objection to the conclusions
reached in Reference 1. Meteor observations by radar usually take place
for meteor altitudes lower than 120 km (Ref. 32) and most meteor speeds
greatly exceed the missile speeds considered. (Reference 33 contains a
summary of the theoretical work done on the meteor problem. )

H.3 SHOCK WAVES

H. 3.1 Reflections from Shock Waves

Reflections from shock waves were also considered in Reference 1
where it was concluded that, for almost all missile cross-section prob-
lems of interest, the effects of shock fronts may be neglected.
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H. 3.2 Shape of Shock Waves During Ascent and Descent of an ICBM

It has been conjectured that the shape of the shock wave associated
with an ICBM might differ on the ascending and descending portions of its
trajectory. Using trajectory data given (Ref. 34) for Atlas, this section
will demonstrate the validity of the conjecture.

The problem is simple for the initial portion of the ascent. Once the
transonic region is traversed, a normal, attached, acute-angled shock
will be present. On the basis of some photographs made at the Aberdeen
ballistic range, and quoted by von Karman (Ref. 35), it is estimated that
the normal pattern is established by about Mach 2. This pattern should
persist until the missile leaves the continuum regime of aerodynamics
and enters the slip-flow regime. The shock will then become diffuse,
gradually reaching a state in which its existence is questionable.

Using the Atlas trajectory data, the time history of the shock during
the missile's ascent is determined below.

First, consider the 5500-nautical-mile trajectory data given on page
II-114 of Reference 34. After about 60 seconds, the transonic region has
been traversed. A reasonable criterion for the lower limit of the slip-
flow regime is (Ref. 17) M \/g = 0.02, where M = free-stream Mach
number, X = mean free path, and ¢ is a characteristic length of the missile.
The velocity of sound and mean free path at higher altitudes are taken
from a Rocket Panel paper (Ref. 22). Computation then shows this missile
to enter the slip-flow regime at an altitude of about 70 km, about 160 sec-
onds after launching. Thus, on the way up, the missile is subsonic for
the first 40 seconds, transonic for the next 20 or so, and finally exhibits
supersonic flow with a narrow shock for about the next 100 seconds.
Starting at about that time, the shock gradually becomes diffuse and dis-
appears.

We consider next the ascent of the midwing-configuration glide mis-
sile (p. II-119, Ref. 34) for 5500-nautical-mile range. Here the tran-
sonic region is passed about 60 seconds after launching, and this config-
uration never attains sufficient altitude to leave the continuum regime of
aerodynamics. Thus, it retains its narrow conical shock.
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The powered-flight trajectory for maximum range is given on page
II-125 of Reference 34. This missile's speed exceeds Mach 2 after 60
seconds, and it leaves the continuum regime about 140 seconds after
launching, at an altitude of about 80 km.

Finally, consider (p. II-127, Ref. 34) the trajectory for the 1000-
nautical-mile range. Here, Mach 2 is passed after about 62 seconds,
and the missile remains always in the continuum regime. Now consider
the descent portions of these trajectories. For the glide missile, and
the 1000-nautical-mile trajectory, unless a blunt re-entry shape gives
rise to a detached shock, the shock configuration of the ascent is re-
tained. This, however, is not true in the other two cases. For those
cases, consider the possibility that a gas cap forms before the missile
re-enters the continuum regime where a shock can exist. If this should
happen, the shock would form around the rounded contour of the gas cap
and therefore be rounded or possibly detached.

The criterion for the existence of a gas cap, formed by trapped air
molecules, is (Ref. 36)

AV
rv =’

where \ is the mean free path and V the thermal velocity of air con-
stituents, v the missile velocity, and r the missile nose radius if it
were spherical. Since the authors have not located the assumptions
underlying the analyses of Herlofson (Ref. 39), they have not followed
his work here, but have used the less recent Reference 36. Here r will
be taken as 3 inches; for an order of magnitude calculation this should
suffice.

For the 5500-nautical-mile powered-flight trajectory, use of the
Rocket Panel data and the trajectories given by Convair indicate that
the gas cap begins to form at about 110 km. The shock, however,
doesn't begin to form until the missile has descended to about 60 km.
Therefore, since the gas cap exists prior to the shock formation, a
rounded or detached shock is to be expected.
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Finally, examine the powered-flight trajectory for maximum range.
The Convair trajectories do not present the portion of the flight imme-
diately preceding re-entry, but the curves given are sufficiently similar
to those for the 5500-nautical-mile range that the conclusions drawn for
the latter retain qualitative validity.

H.4 WORK PERFORMED AT OTHER ESTABLISHMENTS

H.4.1 Lincoln Laboratory of the Massachusetts Institute of Technology

Reference 1 contains a list of references containing additional ma-
terial on ionization and related studies. Included here is the work of
the Lincoln Laboratory of the Massachusetts Institute of Technology.
Their work on meteors and the ICBM is reported in Reference 37. Some
of the conclusions reached to date are:

1. For the megawatt radars being contemplated for ICBM,
one may expect meteor echoes at the rate of several
thousand per hour. These meteor trail echoes will
have a Doppler character during the trail formation,
and will persist as relatively stationary target echoes
for several seconds after formation. Unless the radar
is specifically designed to reject meteor echoes, these
can be a serious clutter and false-alarm problem.

2. On the basis of the available meteor-rate data it ap-
pears that the number of meteors seen by a radar
should not increase with antenna gain but will in-
crease with transmitter power. Hence, to get longer-
range radars without increasing meteor background,
one has more to gain from higher gain antennas than
higher power transmitters.

3. The need for further experiments is indicated, par-
ticularly with higher-powered radars and shorter
wavelengths than have been used until now. Such
data are needed to establish the extent to which the
meteor background is cut down by using higher fre-
quencies and to determine the distribution of meteors
corresponding to the smaller ion density trails.
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4. The probability of a meteor hitting an offensive missile
is negligible.

Other work performed at the Lincoln Laboratory on the ICBM prob-
lem is reported in Reference 38.

H. 4.2 Poulter Laboratories of the Stanford Research Institute

Information relative to experimental work on "Extreme Velocity
Pellets" performed at the Poulter Laboratories of the Stanford Research
Institute has been received in personal correspondence from Dr. Poulter
to one of the authors. Dr. Poulter states that much work remains to be
done to develop the controls for velocity, pellet shape, etc., but that
they believe the solutions of these problems are rather straight-forward
and that the methods which they have employed offer a possibility of
obtaining any fragment velocity that will be required in missile studies.

By using a Mach stem detonation along the axis of a comparatively
small-angle concave conical detonation front (apparently one of the most
effective means of collecting and concentrating energy into a very small
space) and using 1.5 pounds of explosive, the Poulter Laboratories have
consistently been able to photograph with the framing camera 0. 2-gram
pellets having velocities of approximately 12 mm/u sec. In one case,
the pellet was traveling in a lucite tube in which the air pressure was
reduced to 50 microns. The luminous pellet, at the time the pictures
were taken, was traveling at the tip of the jet. From the scale in the
pictures and a camera speed of one frame per microsecond, a velocity
of 13.2 km/sec was calculated.

In a second case the pellet was traveling in an atmosphere of he-
lium at a pressure of one atmosphere. The luminous conical shock
pulse surrounding this pellet was clearly visible in the pictures and was
seen to travel 230 mm in 17 sec, giving a velocity of 13.5 km/sec.

One picture was taken prior to firing the charge for purposes of
reference, the next one was taken only a few microseconds after the
detonation front struck the rear of the metal liner and before the central
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portion of the center of the liner had moved perceptibly. An approxi-
mate velocity can therefore be determined for the pellet in terms of the
velocity of the central portion of the liner and the distance that the center
of the plate has traveled. The most conservative value that it is pos-
sible to obtain from this picture is in excess of 60 km/sec. Thus, the
Poulter Laboratories feel that this offers a feasible method of obtaining

extremely high-velocity pellets in the range of from 10 to more than
50 km/sec.
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