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E.4 GRAPHICAL TRANSFORMATION OF COORDINATES

. A
Given a right-handed triad of orthogonal unit vectors /i\, j’\ k.

Given also an arbitrary direction. Let © be the angle between k and
the direction. Let¢ be the angle betwee\n 1 and the projection of the

d1rect10n 1n the plane spanned by i and j. Given a second system i ,
] k’ ,¢". The problem is to graphically relate 6, ¢ to 6 , ¢*.

As a preliminary step let us calculate the Euler angles for the
transformation from'f s Kto i , J"A fr smAce our graphical technll\que
will be given in terms of them. Let i}, 31X k) be obtained from i, j, k
by a rotation through an angle a about the k axis. Then

o AP
=1 cosa+j]sina

-
—
1

A A
= -isina t+jcosa (E.4-1)

el
et
1

A A
k., = k

Now let 12, 32, ﬁ be obtained from 11, Jl, kl by a rotatlon through an
angle @ about the 31 axis. Then

A N . A AL A
= i) cosP -k sinf =i cosa cosP + j sina cosp - k sinf

12 =
A
’j\z = 31 = - 1 sina + j cosa (E.4-2)
A A A A . A . A
k, = i) sinf +k; cospf =1 cosa sinf + j sina sinf + k cosf.

A
Finally let i=, fi\* , k* be obtained from fz, 3\2, k, by rotation about the
k, axis through an angler . Thus

A A A . . . I
i¥ = i, cos? +J, sinr =(cosa cosp cosr -sina siny )i

A A
+ (sina cosf cosr + cosa sinr )j-sinf cosr k
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A A A
= -1y sinr + Jp cosy = (-cosa cosP sinr -sina cosr)i

e D>
%

A . A
+ (- sina cosp sinr + cosa cos? ) j t+ sinp sin? k

A% S . A L, N A
k"= k) = cosa sinf i + sina sinf J t cosf k . (E.4-3)

YVe will require 0< B< nso that sin 2 0. We can obtain cos B from
A
k*- k, and then compute sinf = + V1 - coszﬁ . Ws can the’p obtain
A A A
sina, cosa, sinr, and cosr from fq’*i, k*1, k-j*, and k-i*

respectively.

Now the angles 6 1 ¢) and 62, ¢ are related to 0,4 and 6* , ¢"as
follows:

6 = 0, 6, = 6

(E.4-4)
¢ -a =9 4, -7 ="

Thus if we get the relation between 01, ¢1 and 82, ¢, we can obtain the
relation between 6, ¢ and 6% ,4* readily from Equation (E.4-4).

If we draw the lines of constant 61 and ¢) on a sphere and make
the stereographic project}on Ef t}}\e sghex/‘\e into a plane we get Figure
E.4-1. The positions of i}, J;, i, j2, ky are marked for g = 60°
(k1 lies at infinity). The distance from the point 6 = 180° to the circle
of constant 0, is proportional to cot (61/2).

The stereographic projection of the curves of constant 6, and ¢,
can be drawn easily. Due to the properties of the stereographic
projection these curves are all circles or straight lines. Due to the
symmetry about the (x; - z;) (x, - z,) plane, the centers of the constant
02 circles will lie on the ¢ = 09, 180° line. These circles will cut the
1 =0°line at 0) = B ¥ 0, if these numbers lie in the interval 0° to 180°.
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They will cut the line ¢ = 180° at 0, - B and 2m - (B + 0,) if these
numbers lie in the interval 0° to 180°. The curve 6, =B is a straight
line perpendicular to the line ¢ = 0°, 180°, and is the perpendicular
bisector of the segment 92 = 0°, 0, = 180°. Since all of the curves of
constant ¢, go through the points 6, = 0°, 8, = 180° the centers of the
constant ¢, curves must lie on the line 6, = B. Since the ¢, = constant
curves must go through the points 6, = 0°, 180° at the same angle which
the ¢, = constant curves go through 8 = 180°, the centers of the¢, =
constant curves lie on a line parallel to the ¢, = ¢, + 90° lines and
passing through one of the points 6, = 0°, 180°. The curves of c/:\ons}ant
/(\32, ¢ are S}\’IOWH in Figure E.4-2 for f = 60°. The positions of iy, Jjy,
5, and kp are also located on Figure E.4-2.

iz,]

If Figures E.4-1 and E.4-2 are superimposed, then 8,, ¢, can be
read off in terms of 6, ¢, and vice versa. The superimposition is
best done in two colors to avoid confusion.

This transformation technique is designed for application to
obtaining radar cross-sections of complicated shapes. The approxi-
mation methods which are used for obtaining such cross-sections
involve breaking the complicated shape down into simply shaped pieces
and getting the cross-sections of the pieces. The coordinate systems
appropriate to each of the pieces and to the total object are generally
different. With this technique one can plot the cross-section of the
simple shape in a standard orientation on a coordinate system like that
in Figure E.4-1 and then make the appropriate coordinate transformation
graphically. This procedure is illustrated with the constant cross-
section curves for a circular corner reflector in a coordinate system
whose axes correspond to edges of the reflector (Fig.E.4-3a) and in a
transformed coordinate system (Fig. E.4-3b). (The transformation
consisted of a rotation of 45° about the z-axis followed by a rotation of
30° about the new y-axis.)
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FIG. E.4-1 STEREOGRAPHIC PROJECTION OF SPHERE
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$2=180°

89:90°
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210°

$,:180°

FIG. E.4-2 STEREOGRAPHIC PROJECTION OF ROTATED SPHERE

150°
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APPENDIX F

EFFECT OF FUEL ON THE RADAR CROSS-SECTION
OF CORNER REFLECTORS

The problem of finding the effect on radar cross-section of fuel of
different types at various levels in differently shaped corner reflectors
with many sorts of coverings is in general difficult. An approach to the
problem has been made by finding the radar cross-section for a circular
corner reflector covered with a spherical cap and filled with fuel of index
of refraction n<2. These results are compared to certain experimental
data (Ref. 33).

F.1 RADAR CROSS-SECTION OF FUEL-FILLED
CIRCULAR CORNER REFLECTOR

The simplest approach is to let the circular corner reflector of edge
R be an octant of a sphere of radius R. With this arrangement incident
rays may be traced through the sphere as through it were a lens since
the action of the corner reflector would simply reverse the directions
of the traced rays. Thus for a cylindrical tube of rays of given cross-
sectional area incident on the sphere the cross-sectional area of the
emitted tube (or cone) of rays may be calculated at some distance r from
the sphere. Under the assumption that there is no absorption in the fuel,
the amount of energy in the incident and emitted tubes must be the same,
and since the square of the field is proportional to this energy, the trans-
mitted field (or at least its magnitude) may be obtained.

Let the radius of the cylinder of incident rays be a. The cross-
sectional area of the emitted cone of rays must be found at large distance
r from the sphere. This is the problem of finding b in Figure F-la. To
do this consider the simplified two-dimensional picture of Figure F-1b.

From Snell's law,

sin ©
sin @'

In

S lo

=n, or, o ,
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FIG. F-1la RAY PATHS THROUGH A SPHERICAL LENS
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FIG. F-1b SECTIONAL VIEW OF RAY PATHS

THROUGH A SPHERICAL LENS
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for small angles 0 and 8'. The geometry of triangle AGO indicates that
angle ABD is approximately,

e(nr;l).

From this the distance a' is found to be (again making use of the fact
that the angles involved are small)

o~ (Z-n)
a=a n F)

whence angle DBO is given approximately by,

a' 2 -n
_=9 ;
7o)

this is also the value of angle EBF. Now using the value 6/n for angle
ABO and reapplying Snell's law, angle EBH is found to be 6. Finally
angle FBH is

9 - 9(2 - n) = EM ,
n Rn
so that,
b= 2ar(n - 1)
Rn

The cross-sectional area of the cone of rays at a large distance r from
the sphere is approximately,

2

Area = [Zar(n - 1)]

Rn
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Since the cross-sectional area of the incident tube of rays is 7ra2, the
transmitted field has the form,

ikr Rn iv

Field = B, -£
el = Boy Z(n-l)e ’

e .
where Eg is the incident field and el” is some undetermined phase factor.

Consequently the radar cross-section o of the fuel-filled corner
reflector being considered is!,

_ mRZn%
(n-1)2

g

F.2 COMPARISON OF RESULTS WITH EXPERIMENT

As an example consider a circular corner reflector (empty) whose
radar cross-section along the axis of symmetry is 35 sq.m for a fre-
quency of 9375 Mc (A = 3.2 cm). From the formula (D.1-1, App. D),

4
o = 15,61 R—Z s
\

the edge of this reflector will be

4/ (35) (.032)2
R = ‘/ 15, 61

IReflections from the spherical face of the fuel have been neglected
since the reflection coefficient is about 0.03. Moreover, the covering
of the fuel has been neglected entirely. This formula is not valid if it
predicts a cross-section greater than that given by the corner reflector
formula.
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Thus for such a reflector full of fuel of index of refraction n= N2 !
the radar cross-section will be

35
R22 V15,61 - 032(2)

= = = 1.76 . .
7 (n-1)2 (N2 - 1)2 °4. 1

This example was chosen in order to be able to effect a comparison
with experiment. In experiments of the Microwave Radiation Company,
Inc. of Gardena, California (Ref. 33), the 35 sq. m nose-on cross-section
(along its symmetry axis) of an empty reflector (or pod of reflectors)
dropped to 1.1 sq.m for the reflector 2/3 full of fuel and to 3. 3 sq. m
for the reflector 5/6 full.?

Although the levels of fuel considered in the experiment differ some-
what from that considered theoretically, the above example seems to
indicate good agreement between theory and experiment.

A fairly simple discussion may also be given for a diheral partially
covered by fuel (see sketch below) when the direction of incident rays

is perpendicular to the edge of the dihedral.

Let a be that fraction of the length of the dihedral edge not covered
by fuel.

T
l

'This is a realistic number for 91 and 100 octane gas, kerosene,
JP-1, and JP-3 fuels.

’In these cases the corner of the reflector was completely covered
by fuel.
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Then the emitted field is given by an expression of the form,

A A Lid
> _ad+(l-a)ael®
E = N7 9

where ¢ is some phase difference depending on the index of refraction
of the fuel and the wavelength of the incident radiation, and ¢ is the

radar cross-section of the empty dihedral.

The radar cross-section is then,

0’0[02 + (l-o.)‘2 + 2a(l —a)cosd’]

q
"

0‘0[1-20.(1-0,) (l—cosd’)]

In the graph below ¢ is plotted vs. a for certain fixed values of ¢.

0=0 for ¢ =0, 2w, 4w, -

N

7, I7m,

44
- 4 m 37,

o 2 72
———3—-1—rl -5-1-rl

4 4

o
R

o(a)for ¢=m, 3m, 5m, - -
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F.3 RESUME OF EXPERIMENTAL RESULTS FOR RADAR CROSS-
SECTION OF CORNER REFLECTORS AS A FUNCTION OF
FUEL LEVEL!

In Reference 33 a description was given of experimental results
for the radar back-scattering cross-section of the XQ-4 reflector
assembly measured at a frequency of 9375 Mc as a function of JP-4 fuel
level in the . 080 inch fiberglas-laminated pod housing the reflector as-
sembly.

The following six paragraphs are direct quotes from Reference 33:

"The work was performed several months ago as a portion
of our development of the passive reflector system for the XQ-4.
The reflector assembly used was the final model of the reflector
assembly delivered to Radioplane for the XQ-4 program.

"In Figure 1, the change in back-scattering cross-section
for the nose reflector assembly is given in increments of liquid
level where the total capacity of the tank was 60 gallons and
fuel was added in 10 gallon increments.

"In Figure 2, the change in the return of the broad side re-
flector assembly was measured simultaneously with that of the
nose reflector under the same conditions. (The modulation
present in the back-scattering return of the broad side reflector
was a specific feature of the design of the reflector assembly.
A more detailed discussion of the reflector assembly design, as
such, is given in the XQ-4 report.)

""The last series of measurements on each of the two figures
represents the change in the back-scattering cross-section when
the pod was drained, five gallons of fuel put in, the tank vigor-
usly agitated as to thoroughly wet all surfaces, the fuel drained
and the back-scattering cross-section measured in the next few
moments.

"Microwave Radiation Company, Inc. This section gives a resume
of Reference 33,
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"There are two striking features in Figures 1 and 2 [Figs.
F-2a and F-Zb] . First, the marked reduction in cross-section
as the fuel level approached the 1/3 full mark and, second, the
minor change in back-scattering cross-section for the wetted
but empty tank.

"These data are more than adequate to provide a semi-
quantitative measure of the effects of the JP-4 fuel on the back-
scattering cross-section of the reflector assembly at X-band.
If a more general picture were desired, a further systematic
study would have to be made."

It was pointed out in Reference 33 that the graphically presented
measurements were made in the plane of maximum return, which here
was the azimuthal plane, for azimuths 0°, 5°, 10°, and 85°, 90°, 95°
for each indicated fuel level.

Since the corner of the reflector was covered for levels of 2/3 full
and 5/6 full it was felt that it would be feasible to compare these experi-
mental curves with a curve (which happens to be a constant) determined
theoretically for a full reflector. This theoretical value is indicated on
the Figure 1 graph of Reference 33 (Fig. F-2a) in the 5/6 full column.
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* Fig. 1 of Reference 33
FIG. F-2a RADAR BACK SCATTERING CROSS - SECTION OF XQ-4

REFLECTOR ASSEMBLY AS A FUNCTION OF AMOUNT OF JP-4
FUEL IN REFLECTOR POD*
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—
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*Broadside Aspect Reflector DEGREES * Fig. 2 of Reference 33

FIG. F-2b RADAR BACK SCATTERING CROSS - SECTION OF XQ-4

REFLECTOR ASSEMBLY AS A FUNCTION OF AMOUNT OF JP-4
FUEL IN REFLECTOR POD*
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APPENDIX G

CIRCULAR POLARIZATION ANALYSIS FOR
A SQUARE CORNER REFLECTOR

A corner reflector was chosen to match the theoretical nose-on
value of o (RL) for a B-47 (12 sq. m). Since the theoretical value of
o (RL) is sharply peaked near nose-on, a square corner reflector was
chosen (the square corner reflector has a sharper peak than the tri-
angular or the circular corner reflector). The wavelength of interest
was 12 cm and the edge length of the corner reflector was taken to be
26 cm. The axis of symmetry of the corner reflector was taken to
point straight ahead. More details of the orientation of the corner
reflector appear below.

A right-handed x, y, z coordinate system was used with the xy-
plane horizontal, and the x-axis the axis of the B-47. The edges of the
corner reflector were taken to have the directions

& -tk

1]/3_ 377

S T s
27 VT s) Tk,
TR

U S IV

e3—‘/3-1-‘/2-3+6k.

The direction to the radar was taken to be
A
d = sin6® cosé®*] + sin6® sinﬁf + cos0* k.

The vectors specifying horizontal and vertical polarization were taken
to be

P(H) = - sing?® i+ cos¢*3\
p(V) = - cos 6° cos#* 1 - cose” sindfﬁ\ + sin@® ﬁ,
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while those specifying right and left-hand circular polarization were
taken to be

B(R) V%WHﬁ%m

B(L) = A= DU+

2 a

The cross-sections were computed by physical optics (Ref. 2).
Flat plate, dihedral, and trihedral contributions were taken into account.
The cross-sections of the various contributions were added, thus obtaining
phase-averaged cross-sections.

b(V) .

In order to compute the flat plate contributions, the faces were ap-
proximated by circular flat plates having the same area as the faces.
The flat plate contribution is then

1) (RL) = 0‘(1)(HH) = 0(1) (VV)

2 2 2
_bA n om0
wn3/2 | (124m2)3/2  (4202)3/2 " (m24n?)3/2
(G.1-1)

where any of the terms in the square brackets that exceed
16ﬁ5/2b3
\3

are to be replaced by this value. Hereb = 0.26 m 1is the side length of
the corner reflector, N = 0.12m is the wavelength, £ is the smallest (in
magnitude) of L, M, and N, m is the next in magnitude, and n is the
largest.
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L, M, and N are given by

1 2
L = 31 . 8 =———-sin6¢ cosdf —V: cos 6%
3 3
1 1 1
M= 32 . 8 =—sin6¢ cos¢® + — sin 6® sin¢” + — cos 6®
‘/'3" ]/2 ;/3
A AN * 1 % 1 p
N = €3 . d —ﬁsme cosé -‘/Tsme sing¢ +ﬁcos6 .

The three terms of Equation (G.1-1) in square brackets represent the
three flat plates and the limiting value is the normal incidence value.

The trihedral contribution is zero if any of L, M, and N are
negative. When L, M, and N are all positive the trihedral contribution
is

_ _ _ 4nA
0(3) (RL) = 0-(3)(HH) = 0(3)(VV) = \2
where
g Am 2 <m < 3)
n 2
A= n 2 n
{4 -—)b <m > —>
m 2
The dihedral contribution is
°'(2) (RL) =0
2,2 2, 2 2. 2
2m°b 24 %p 2
o(z) (RR) =2 4 2D scL b ;’
md ™m ™
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where the first term is replaced by lém mzb‘l/)\2 if it gets bigger than
this, and the second and third terms are limited by 16w 2°b%/\2 .
(2) (HH) and (2) (VV) are obtained by multiplying one of the terms in
the formula for o) (RR) by

4 2
— 5 !
<3sin 0

and multiplying the other two terms by
1 2
I B R
3sin0®
4 2
— -1
<3sin29“‘ >

goes with first, second, or third term as L ={, m, or n respectively.

The factor

The total effective cross-sections are:

O'(RL) = U(l)(RL) + 0'(3)(RL) ,

o (RR) = 0'(2)(RR) s

o (HH) = o (VV) = (1) (HH) + 0'(2)(HH) + 0(3)(HH) .

Comparisons of the cross-sections of the square corner reflectors
described above and the theoretically determined cross -sections of the
B-47 at S-band (\ = 12 cm) are given in Figures G-2 ff. The geometry
defining the parameters 0® and ¢* used in these figures is given in Figure
G-1.
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Direction to
Radar

FIG. G-1 BASIC COORDINATE SYSTEM USED IN DETERMINING
THE CROSS-SECTIONS
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FIG. G-4 Linear Polarization

FIG. G-5 Linear Polarization

COMPARISON OF CROSS - SECTIONS OF THE
B-47 AND SQUARE CORNER REFLECTORS AT S-BAND
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FIG. G-6 Linear Polarization

COMPARISON OF CROSS - SECTIONS OF THE
B-47 AND SQUARE CORNER REFLECTORS AT S-BAND
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FIG. G-8 Circular Polarization

FIG. G-9 Circular Polarization

COMPARISON OF CROSS - SECTIONS OF THE
B-47 AND SQUARE CORNER REFLECTORS AT S-BAND
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APPENDIX H

BISTATIC RADAR CROSS-SECTION
OF THE B-47 AIRCRAFT AT S-BAND

The dimensions of the fuselage, nacelles, and wing tanks are such
that geometrical optics gives a good estimate of their cross-section for
many aspects. With the exception of their trailing edges, the wing and
the horizontal and vertical tail are amenable to the physical optics ap-
proximation. The contributions from the trailing edge of the wing,
horizontal and vertical tail, engine and wing-tank supports, and jet in-
take and exhaust can be better approximated by formulas based on thin-
wire theory. The actual estimation of the radar cross-section is pre-
dicated upon the assumption that the aircraft may be replaced by a con-
figuration of simple geometrical shapes with only a negligible change in
cross-section. Two such substitute configurations may be found in
Reference 2.

The geometric optics cross-sections, where applicable,were com-
puted from the relation ¢ = w R)Rp for all but the forward, and near-
forward, scattering. In this formula, R] and Rp represent the princi-
ple radii of curvature at the specular reflection point.

In particular, for the ogive the value of ¢ is given by

o=mal (1- S5B Y,
|cosn|

where a is the radius of curvature of the generating arc, B is the half-
angle corresponding to the generating arc, and 1 is the angle between the
equatorial plane and the line OS to the specular reflection point as shown
in Figure H-1. In terms of the incident and reflecting directions,

(sin @+ sin eR)Z +(cos 8 sinépt+cos BR sin ¢3R)2 2

cosn
2 [1 +sin O sin R +cos 0 cos @R cos (¢T - ¢R)]

where the transmitter and receiver positions must be such that
1>cos n> cos B.
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FIG. H-1 COORDINATE SYSTEM FOR THE OGIVE

The prolate spheroid cross-section is given by

n2+tan26 2
c=mal | —— ;n=a/b,

774 + tan‘2 e

where a is the semi-major axis and b the semi-minor axis. Again in
terms of transmitter and receiver directions,

- 2 2
, 5 1 - cos BA cos ¢A
6 =g > , Where
2
cos GAcos ¢A

tan

2 2
2 cos GT cos GRcos (¢R +¢T)+ cos 9T+cos GR

cos2 BA =
2 [l +cos GT cos eR cos (¢T+ ¢R)+ sin eTsin OR]
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(cos 6 cos d>T+cos BR cos ¢R)Z

and cos2¢ =

2 2
2 cos eT cos SR cos (¢T+¢R)+ cos 9T+ cos GR

In these expressions GR, ¢R, and O, ¢T denote the receiver and trans-
mitter directions respectively.

A physical-optics approximation to the cross-section of a truncated
elliptic cone is given by

AL, tan®p  KZ(Ao. k) L, L,
o= l1+— +2 | — cos [k(?tanaw)(Lz-Ll)] )
T tana 73(7tana+ u)2 L2 L,
x2 y2
where + = g2

tan2 a tanZB

is the equation of the elliptic cone; ﬁ(eT, ¢T) and ﬁo(eR, ¢R) are unit
vectors directed toward the transmitter and receiver respectively;

K(ﬁo,f{\) = [(w tana +v) sin (¢ +4)-sinbp sin O

-(1 + cos O cos Bg)cos(éT - ¢R)] ;

~
"

2
|: sin @ cos (¢ + ) +sin 6y cos(¢R + 6)]
tanzﬁ

tan?‘a

+ (cos 8 + cos BR)Z} 2

14

sin @ sin(éT + 6)+sineR sin(<1>R +348) ;

5 is the angle between aircraft y-axis and wing-axis; and L and L, are
respectively the smaller and greater truncation distances measured from
the tip of the full cone. The above is for the starboard wing. For the port
wing, let 6—m - 6. The port wing is in the positive y-direction.
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FIG. H-2 COORDINATE SYSTEM FOR THE B-47 AIRCRAFT
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The cylinder cross-section was calculated from the formula (Ref. 34,
p. 1381)

2

2wL 0 +6 A 0p +6

_ (TR 2( BTN 2

o= a sin - )+ cot sin® |ka (6g+ 67 ) ,
A 2 22 2 |

which is valid for the broadside case and which contains a forward
scattering term, unlike the preceeding formulas (Fig. H- 1). In fact
the forward scattering term here and the forward scattering as given in
the exact solution to the sphere problem were used to approximate the
beam width of the forward lobe of similar geometrical shapes.

The straight thin wire cross-section was obtained from the current
distribution suggested in Reference 31, that is,

iwE, cos ¢ cos qz coskf - coskzcosq!
I(z) = - . +

k% 2 sin O coskl + 5 A

sinq z sink{ - sink z sing{

sink2+ 5 B
where @ =2 [lni + Ci(2k¢ )] ;
rka
w = ke,
k = 2m/\,
¢ = velocity of light,
q = kcos O,
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1+ cosze

1
A =¢coskdl ++— Cin(4k£)cos‘2 ql-¢ cos?k{ cos 2q1 +

£ 2

2 cos GT
1
7 sin2k £ sin2qf |- [(l + cos GT) sin?k 2 (1 - cos BT) +

(1 + cos (-)T) sin®k ! (1 + cos OT)‘J coslkl ¥,

sin 2q ¢

€1=sin29T k{+——— | cosk?! - (l+coseT)sink£(l-coseT)+
ZcoseT

(1 -cos GT) sink £(1 +cos ) > cos q{ ,

(1+cosB )
§, = - Ci 2k£(1+cos9 )|+ Ci| 2k2(1 -cos © ):l
2 T T
(1 cos 67)
1 1+cos29T
B = {sink £+ — < Cin(4k l)sin2 ql+ 52 _ sinzklcos 2q{ -
53 2 cos Op

1
> sin2k{sin 2q¢ |- [(1 +cos BT)sinZkl(l -cos GT) +

(1-cos GT) sin2k £ (1 +cos GT)] sinfk4 p,

sin 2q{
¢ =sin29T k-

3 sinkf -< (1 +cos GT) sin [kl(l - cos eT)} -

2 cos OT
(1 -cos GT)sin l:k £(1 +cos GT):| sin qf ,
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{=Si [Zkf.(l + cos GT)] + Si [ZkI(I - cos BT)] ,
and a = radius of wire,

y = 1,.781072 (Euler's number),

21 = length of the wire,

¢ = angle between \ Eol and plane defined by the wire and
the direction of incidence,

E, = the incident electric field,
81 = angle defined by the wire and the direction of incidence,
6g = angle defined by the wire and the direction of reflection,
Si(x) and Ci(x) are the sine and cosine integrals, respectively,
of x as defined in Jahnke and Emde (Ref. 32) and
Cin(x) =lnx + 0. 577 - Ci(x).

The scattered field is given by

ik sinop o4 .
E -— f I(z)elkz cosBRdZ ’
c R -

from which the value of ¢ is obtained through

_ lim 2 | Es
o= R_>°°41TR E—o ;
422 cos?¢ pZ + ul

that is, o = s
T sinzeRsin2 GT gz + B2

140

ECIRIETT

I



SECRIET

UNIVERSITY OF MICHIGAN

2260-29-F

where,

cos (k£ cos BT) cos (k! cos GR)
p= Q,

A
1

po= » cos BT sin® OR cos (k£ cos BT)sin(kl cos BR) -

cos GT - cosZGR

cos OR sin%,.. cos (k£ cos GR) sin(k £ cos BT) -

T

B cos (kicos 0) cos (k£ cos 8R)

A

which applies when 65 # 6. For the case where 6R = 6 = 6 the cross-
section is given by

. 2
2 . 2.(sink{
4l _
T sin e(kz )

2 A 2
(n/2)" + [ln (ym_B):l

In this report the average value of ¢ over the polarization angle is
used, i.e.,

2w

1
cgdé .

2w 0
The wire loop cross-section may be estimated as in Reference 2,

ignoring the current induced in the wire by the scattered field from all
other segments of the wire.

Consider the loop to lie in the xy-plane and the transmitter and

141

SECRKET




SECRET

UNIVERSITY OF MICHIGAN

2260-29-F

receiver directions to be indicated by the unit vectors f’T and f)R as
shown in Figure H-3a. By rotating the coordinate system about the
z-axis through the angle p given by

sin GR + sin BT

cosP =

V(sin 8R t+ sin ()T)2 + (cos eR singg - cos O sind"r)2
we may express the scattered field by the integral

% _ (ka(p+Pp) T
s A J [(ﬁRxT)xfnR] G-T)e da ,
0

|

where b is a unit vector in the direction of the incident electric vector,
and t = dr/da,where T is a unit vector in the direction of the integra-
tion element,and a is measured as in Figure H-3a. The complex con-
stant is easily evaluated by referring to Reference 2.

all

FIG. H-3a COORDINATE SYSTEM FOR THE LOOP
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Carrying out the integration, one finds that

G = 11'a2 \:Clz + CZZ + C32} ,

where

—

- ]
C; = b, p pZLJo<p)+J2(p>]-blu—plz) Tolp)-Tate) |

- ]
C, = by P, Py | Jolp) - Talp) | -bz(1-p,?) Tole)+3200) |
| ]

-

C; =b; P} P3 LJo(p)-JZ(p) +b, p, P3 L:To(p)+J2(p)_ ,

and

p, = cos eR sin¢R cosﬁ-sineR sinf ,

= cos 6y sin¢R sinB+sin@_ cosf ,

o
\¥)
1

R

p3 = cos by cos R

o
"

1 1
a{sin ¥ cos 8 cos ¢T+E cos?y [(sinZOT sin® ¢ - 2cos 267)sin 2P

+ cos 2B sin 207 sin¢T]} ,

o
\¥]
1

qcos?

1)1
b3 = a{z cos 7 (sin 207 cos¢T cosP - cosZOT sinp sin2¢T) -

siny (sin® sinp + cos 6 cosp sin¢T)} ,
p = ka l:(cos o sinép -cos O sinéT)sinB +(sin OR +sin 01)cos ﬁ] ,

'qZ =1 - (sin 8 cosp -cos b sinf sin¢T)2
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This formula reduces to that of the monostatic case when ¢ = ¢ = 0,
and O = BR = 0, since then cosp =1 and q = cos 8, to give p; = 0,
p, = sin®, p3 = cos @, by = siny, by = cos¥ cos 8, by = cos? sin®.

Using AA* = al/4q2 R? (A* is the complex conjugate of A) where a
is the radius of the loop, and R the distance to the observation point,
and the "effective radar cross-section" is proportionaltob - Eg,
the formula of Reference 2 is obtained exactly.

As in the case of the straight wire, the average value of ¢ over the
polarization angle is used.

Thus,
227(
_a- 2 2 2
1
2 2
2 19 + =1
Ta 4 2
=" 5 (1-p12) (Jo - )% + a2(1-p, P (T + T,)° -
q

2
fp;pp (JOZ'JZ ) )
where the quantities are defined as above, except for f and g, which are
f= (sinzeT— cosZOT sin? ¢T) sin 2p + sin zeT sin ¢T cos 2B,

g = cos GT cosém .

The forward scattering cross-section was computed from the re-
lation
4 11'A2
o = s
G

where A is the area projected upon a plane perpendicular to the direction
of propagation. These areas were computed from the following formulas.
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For ¢ = 0, 180 degrees the projected area of the airplane is given
by

A' = 1r(2a82+af bf+2ade bde+2ap2)+2alv‘3 tan - sintllw

2 .
+3 t iny s
alHT annHTsn HT

af, bf = semi-axes of fuselage ellipse ,
a4esPge = Semi-axes of dual nacelles,

ae = radius of single engine nacelle,

o)
"

radius of fuel pod,

= ""exposed" length of maximum-area plane (Fig. H-3b)
of the wing and horizontal tail respectively,

Ny TgT = half angle of maximum-area plane of wing and horizontal
tail respectively,

¥ '/’HT = sweep angle of maximum-area plane for wing and
horizontal tail respectively.

(The "exposed" section of the maximum-area plane for the wing has
the same projected area as the wing when the airplane is viewed nose-
on. )

The projected area for aspects other than those above is the sum of
the projected areas of the components given below.

The component cross-sections may be added directly, as pointed
out in Reference 2, to obtain the total cross-section for the composite
shape.

The formulas for the projected area of these components are given
below.
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Starboard wing, W,

. . 2
[aosm(d’T-ww) - LW s1n¢TJ

Al - tan UW (15OS¢TS¢T1)

w1
sin (¢ + ¥y,
ag sin¢T1
6
sin(é; +¥,)
. ) 2
[ao sm(ww+¢T) +4 2w Sin ¢T:'
A'Wl = - . tann ("'¢T25 ¢ <1659)
sin(¥y, + ¢ )
ag sin¢T2

2 sin(y,, - *T,)

Port wing, W?.

[ao sin(llfw - ¢T) - 12 sin¢T] 2
Ay - L tanny, (15° < ép<er)) .
sin(yy, - é1)
. . 2
[ao s1n(¢T-ww) —Ilw s1n¢T:|
A%vz - — tann (11-¢T1S¢TS1650) .
sin ( T_ww)

Port and starboard horizontal tail projected areas are given by these
formulas after replacing ¢, £ 1, L 2 and n . by their counterparts.

The fuselage and vertical tail projected area is: Aot Arivt sinér .
The formula for the engine supports is of the same form, namely,

ALg = Agg sin ép . (H.1-1)
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By modeling the fuel pods and engine nacelles with cylinders, we
may approximate their projected areas by

Al = 2RL sinép + R® | cos ¢ ’ : (H.1-2)
The constants are given below:
£, =27 ft. 1 = 3 ft.
25, = 65 ft. Mgy = 20
Ny = 2° Vi 121°
by = 125° 2o = 66 ft.
a_=1.75 ft. a = 19 ft.
e OHT
ag, by = (5.5)(5) ft. 2 1y = 175 1
i} 2 .
840 bge = (4)(2) ft. Lp = 20 ft.
a_ =2.5ft. L, = 13 ft.
P
alw = 66 ft. Rp = 2 ft.
= 2 = l. 75 ft.
A, = 1122 ft. R,
IHT =3 ft.

Equation (H.1-1) is to be used as follows:

For
_ 0 _ : o,
¢T—15 , A'es—(26+16)s1n 157;
_ 200 i} . 200.
¢T = 307, Alg (16) sin 30%;
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¢ = 150°, A' = (16) sin 30°;
es
ép = 165°, Al = (42) sin 15

Equation (H. 1-2) should be applied to the two engine nacelles (the
dual and the single) and one fuel pod at ¢ = 15%; to the fuel pod and
single nacelle at 30°; to the single nacelle at 135%; to the single nacelle

and fuel pod at 150°; and to two engine nacelles and one fuel pod at 165°
(same as 15°),

The total area A appearing in the cross-section formula is simply
the sum of the projected areas corresponding to the particular aspect.

In adding the component cross-section to obtain the total, the ef-
fects of "shadowing" of some components by others were considered in
a manner similar to that of Reference 2.

Approximate values of ¢ were computed for the transmitter in the
lower port quadrants and the receiver in the lower starboard quadrants.
Transmitter and receiver positions, denoted by (6T, ¢T) and (GR, ¢R),
were chosen such that @ and 8 ranged from 0 to 7/2 in 15 degree
intervals and ¢ and ¢R ranged from 0 to 7 in 15 degree intervals; the
angle measured as in Figure H-3a (Fig. H-3a is drawn after a rotation of
7 radians about the z-axis).

For each transmitter position the estimated ¢ is presented in Tables
H-1 through H-7. A graphical representation of ¢ vs. ¢T and ¢ for
O = 0g = 15° is given in Figure H-4.
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APPENDIX I

CORNER REFLECTOR EXPERIMENTS AT OHIO STATE
UNIVERSITY

Under Contract AF 30(635)-2811 the Antenna Laboratory of the
Ohio State University Research Foundation is investigating the design of
reflectors suitable for use with cross-linear and circularly polarized ra-
dar systems where maximum discrimination against rain clutter is de-
sired. In their Quarterly Progress Report for the period ending 31 March
1955 (Ref. 17) some of the results obtained for modified corner reflectors
are reported. As of that date all of the patterns of reflectors investigated
were measured using linear polarization; in that report (i.e., Ref. 17) it
is stated that analysis and measurement of circularly polarized return
from modified corner reflectors was planned for the next reporting inter-
val. !

Of the modifications on corner reflectors being studied at Ohio State
the one which is of interest in this paper is the one in which one or more
of the surfaces of the corner is lined with a layer of dielectric. This
modification is examined in Reference 17 for two types of corners: a
"double-double bounce' corner (Fig. I-1) and a triangular corner reflector.

Reflection patterns were obtained for two double-double bounce cor-
ners using horizontal polarization at K-band (x=1/2 inch). Both double-
double bounce corners had four-inch square apertures and the ''modified
corner' differed from the "standard" one only in that the upper and lower
surfaces were lined with 1/16-inch thickness lucite sheets. The reflection
patterns obtained are reproduced in Figure I-2. It will be observed that
the null obtained along the axis of the "standard" corner is completely
eliminated by using the indicated modification with little change in the
remainder of the pattern being obtained.

1At the time of the writing of this report the O.S.U. Progress Report
dated 16 June 1955 was being bound and thus no copies were available. In-
formation received in a letter from the Antenna Laboratory of O.S.U. indi-
cates that they are preparing a technical report on the subject which will be
completed in the near future.
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FIG. I-1 DOUBLE - DOUBLE BOUNCE CORNER USED IN OHIO STATE
UNIVERSITY MEASUREMENTS
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For the triangular corner reflector, only theoretical considerations
are reported in Reference 17. A brief resume of these theoretical con-
siderations is as follows:

For an unmodified corner reflector the S-matrix, referred to a
linear polarization basis, is of the form

(i)

i.e., there is no cross-polarization return and the phase difference be-
tween the orthogonal components is not changed. However, on introduc-
ing a dielectric coating on one or more of the faces, in general there will
be a change in the phase difference of the two components while there
still will be no cross-polarization return. The S-matrix then will be of

the form .
i@
e 0
-1 g

where 26 is the change in phase difference between the two components
and 6 will depend upon the dielectric constant, the thickness of the coat-
ing, and the angle of incidence. It is to be noted that the ray picture is
unaltered by the introduction of the dielectric coating, that is, the effect
of the dielectric on the ray picture is a parallel displacement of the rays.

Referred to a circular polarization basis, the S-matrix in the un-
modified corner reflector in triple reflections is of the form

(e,

i.e., for right-circular incident radiation, left-circular emerges and
vice versa. Upon modification, however, the S-matrix takes the form

sin & cos 6
cos 0 -sin 6

which, for sin 6 #0, indicates a non-vanishing return for the same emer-
gent and incident circular polarization. Since the latter form of the S-
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matrix was obtained by a coordinate transformation of the linear basis
S-matrix,it is again noted that the ray pictures remain the same.

Coverage diagrams were computed for a triangular corner reflector

for linear polarization and for a triangular corner reflector with a sheet
of polystyrene of thickness (\/16) on one face for circular polarization.

These coverage diagrams are repeated, inpart, in FigureI-3a,and the

coordinate system involved is shown in Figure I-3b.! With reference to
these coverage diagrams, it is stated in Reference 17 that:

"The echo contours are drawn for 1 db variations in echo area rela-
tive to the maximum obtained with the unmodified triple-bounce cor-
ner. Itis seen that the peak return for circularly polarized waves
is about 5 db below that for linear polarizations. The 3-db down
points for the circularly polarized return enclose a region approx-
imately 40 degrees wide in azimuth and 2C degrees in climb angle.
The center of this region is 15 degrees below the symmetry axis of
the corner. The improvements to be obtained by use of coatings on
more than one face, or several layers of different dielectric mater-
ial in each coating, are under study. A special report on the polar-
ization properties of a corner with such modifications is in prepara-
tion. "

In Reference 17 the coverage diagrams are drawn for 1 db variations

in echo area; only "odd-numbered" db variations are shown in Figure I-3a.
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FIG. I-3a COVERAGE DIAGRAM - TRIANGULAR CORNER REFLECTOR

FIG. 1-3b  COORDINATE SYSTEM FOR COVERAGE DIAGRAMS OF FIG. 1-3a
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